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Unit-I (Laplace Transforms)

What we know is not much. What we
do not know is immense.

Pierre-Simon Laplace
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Unit-I (Laplace Transforms)

Definition and Examples
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Definition
The Laplace transform is defined in the following way. Let f (t) be defined
for t ≥ 0. Then the Laplace transform of f , which is denoted by L [ f (t)] or
by F(s), is defined by the following equation

n→∞ o

∫ ∫n ∞

o
−st −stL [ f (t)] = F(s) = lim e f (t)dt = e f (t)dt

If the integral is converges.
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Examples
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Examples
Find the Laplace transform of the constant function f (t) = 1,0 ≤ t <
∞

o
F(s) = f t dt

∫ ∫∞ ∞

oe−st e−st( ) = (1)dt
∫ b

b→∞ o

−st= lim e dt

= lim e−st
b→∞ −s

b

0
, provided s ̸= 0

= lim e−sb —
1

b→∞ −s −s
e−sb= lim + 1

b→∞ −s s
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Examples
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Recall a limit

e−x '→
0, if x→ +∞;
∞,

Hence,

lim e−sb
b→∞ −s =

if x→ −∞.

0, if s> 0;
∞, if s< 0. (1)

Thus
F(s) = L [ ]
=

e−sb
b→∞ −s s s s

1 1 1 s1 lim + = 0+ = , > 0

sF(s) = L [1] = 1,s>
0In this case domain of the transformation is the set of all positive real numbers.
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Examples
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Examples
Find the Laplace transform of the function f (t) = eat, where a is constant,
0 ≤ t <∞

o
F(s) = f t dt

∫ ∫∞ ∞

oe−st e−st a( ) = (e t)dt
∫ b

b→∞ o
= lim e−st+at dt

∫ b

b→∞ o
= lim e−(s−a)t

∫
atdt, Use e dt =

eat

a

= lim
"
e−(s−a)t

b→∞ −(s − a)

#b

0
, provided s ̸= a

=
"

lim e−(s−a)b

b→∞ −(s −

a)

—
1

−(s −
a)

#
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by (1)
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lim
"
e−(s−a)b

#
+ 1

b→∞ −(s − a) s− a = 0+ =1 1 s
s− a s− a

, > a.

s− aL [eat]= 1 ,s> a .
In this case domain of the transformation is the set of all positive real numbers
greater than a. In particular

1
= ,s> 1s− 1

1
= s+1,s> −1

L [et]

L [e−t]

L [e2t]
1

= ,s> 2s−
2
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Examples
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Find the Laplace transform of the function f (t) = sin(at), where a is
constant. ∫ ∞

o e−stF(s) = (sinat)dt

= lim e−st
2b→∞ s +a2 (−s sin(at) − a

cos(at))

b

0

= lim e−sb
b→∞ s +a2 2 (−s sin(ab) − a cos(ab))

−

−a
s +a2 2

= a
s2+a2

a
L {sin(at)} = s2 +a2 , s> 0 .
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Examples
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Find the Laplace transform of the function f (t) = cos(at), where a is
constant. ∫ ∞

o e−stF(s) = (cosat)dt

= lim e−st
2b→∞ s +a2 (−s cos(at) + a

sin(at))

b

0

= lim e−sb
b→∞ s +a2 2 (−s cos(ab) + a sin(ab))

−

−s
s +a2 2

= s
s2+a2

s
L {cos(at)} = s2 +a2 , s> 0 .
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Find the Laplace transform of the function f (t) = tn, where n∈
N.
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Sol: We recall that
∫ ∞ e−stdt

1
= s, s> 0 (2)

0
formally differentiate (2) with respect to s. This gives

0

1∫ ∞te−stdt s 0= s2 , > (3)

which means that 1
L [t] = s2 ,s> 0

formally differentiate (3) with respect to s. This gives

0
∫ ∞t2e−stdt

2
= s3 , s> 0 (4)

which means that 2
L [t2] = s3 ,s> 0
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formally differentiate (4) with respect to s. This
gives
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0
∫ ∞t3e−stdt

6
= s4 , s> 0 (5)

which means that 3!
L [t3] = s4 ,s> 0 3!= 6

Similarly, differentiation of (2) n times yields

sn+1L [tn] = n! ,s> 0
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Laplace transform is Linear
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Theorem

If c is a constant and f and g are functions then

L {c f (t)} = cL { f (t)}
L {c f (t) +g(t)} = cL { f (t)}+L {g(t)}

More precisely,

Suppose F1(s) = L { f (t)} exists for s> a1 and F2(s) = L {g(t)} exists
for
s> a2. Then (6)L {c1 f (t) + c2g(t)} = c1L { f (t)}+ c2L

{g(t)}

for s> a, where a= max{a1,a2}.
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Important Note
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Note that:
L { f (t)g(t)} ̸= L { f (t)} × L
{g(t)}

Example
We know that 2

but 1 1 1 2

L {t2} = s3

L {t} × L {t} = s2 × s2 = s4 ̸= s3 !!!
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Examples on Linearity
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5L {4t } = 4L { 4 5! 480
s6 s6

t } = 4 = ,s> 0

5t 5tL {e + sin(5t)}= L {e } +L {sin(5t)}
=

+1 5
s− 5 s2+25,s> 5.

Find L {e2t + 4t3 − 2sin3t+ 3cos3t}.
By linearity (6) we have

L {e2t + 4t3 − 2sin3t+ 3cos3t}
= L {e2t} + 4L {t3} − 2L {sin3t}+ 3L {cos3t}

1 3! 3 s
= s− 2+4× s4 − 2× s2+32 +3× s2+32

1 24 6 3s
= s− 2 + s4 − s2+9 + s2+9,

s> 2.
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Examples on Linearity
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Find L {7e2t + 9e−2t + 5cost+ 7t3+ 5sin3t}.
By linearity (6) we have

L {7e2t + 9e−2t + 5cost+ 7t3+ 5sin3t}
= 7L {e2t} + 9L {e−2t} + 5L {cost}+7L {t3}+ 5L {sin3t}

1 1 s 3! 3
= 7s− 2+9× s+2+5× s2+12 +7× s4 +5× s2+32

7 9 5s 42 15
= s− 2 + s+2 + s2+1 + s4 + s2+9,

s> 2.
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Examples on Linearity
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Find L {sinh(at)}&L {cosh(at)} where a is a constant.
1
2We know that sinh(at) = e −at e−at

1
2, cosh(at) = e +at e−at By

linearity (6) we have

L {sinh( 1
2 at e−atat)} = L { e − }

1 at 1
2 2 e−at= L {e } − L { }

= —
1 1 1
2 s− a s+a =

1 s+a− s+a
2 (s+ a)(s−
a)a

= s2− a2 ,
s> |a|.

a s
L {sinh(at)} = s2 − a2 ; L {cosh(at)} = s2 − a2 , s> |a|.
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Examples on Linearity

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 18 / 125

Find L {(5e2t − 3)2}.

L {(5e2t − 3)2} = L {25e4t − 30e2t + 9}

= 25L {e4t} − 30L {e2t} +L {9}
1 1 1

= 25s− 4 − 30s− 2+9 s
25 30 9

= s− 4 − s− 2 + s ,
s> 4.
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Examples on Linearity
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Find L {(5e2t − 3)2}.

L {(5e2t − 3)2} = L {25e4t − 30e2t + 9}

= 25L {e4t} − 30L {e2t} +L {9}
1 1 1

= 25s− 4 − 30s− 2+9 s
25 30 9

= s− 4 − s− 2 + s ,
s> 4.
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Examples on Linearity
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Find L {sin2 at}.
2 1

2Since sin (at) = 1−cos (2at) . Then we
have

L {sin2(at) = L 1−cos(2at)
}

=

1
2
1 1
2 2

}
L 1 − L cos (2at)

}

= 1 1 1 s

=

2 × s − 2 × (s)2+(2a)2

1 1 s 4a2

2s − 2 s2+4a2 = 2s(s2+
4a2) .
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(Piecewise continuous function)
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Definition
A function f is piecewise continuous on the interval [a,b]
if 1 The interval [a,b] can be broken into a finite number of subintervals

a= t0 < t1 < t2 < · · ·< tn = b such that f is continuous in each

2

subinterval (ti,ti+1), for i = 0,1,2,· · ·n−

1 The function f has jump discontinuity at
ti
t→t +
lim f (t) <∞,i= 0,1,2,· · ·n− 1
and t→t−i i

lim f (t) <∞,i= 0,1,2,· · ·
n.

Note: A function is piecewise continuous on [0,∞) if it is piecewise continuous
in [0,A] for all A> 0.
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Examples
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1 The function 

t, 0 ≤ t < 1;

f (t) = t2, 1 ≤ t < 2;
t+1, 2 ≤ t ≤ 3.

is piecewise continuous on [0,
3]2

3

The functions f (t) = [x],x−[x], ets are piecewise continuous on (0,
∞). The function

1
t 3 , 0 ≤ t < 3;t−+1, 3 ≤ t ≤ 4;

is not piecewise continuous on [0,4].
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Exponential order
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Definition
A function f (t) is said to be of exponential order a(> 0) on 0 ≤ t <∞ if
there exists a positive constant K such that for all t > c

| f (t)| ≤ Keat

Or, equivalently,

t→∞ eatlim f(t) = 0 (7)

and we write this symbolically as

f (t) = O(eat) as t →
∞
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Existence Conditions for the Laplace Transform
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Theorem

Proof.

If a function f (t) is continuous or piecewise continuous in every finite interval
in [0,∞), and of exponential order eat, then the Laplace transform of f (t)
exists for all s provided s> a and

lim F(s) = lim L { f (t)} = 0.
s→∞ s→∞

Since, f (t) is piecewise continuous and of exponential order eat on [0,∞),
then there exists s a positive constant K such that for all t > c

| f (t)| ≤ Keat

The integral in the definition of F(s) can be split into two integrals
as follows
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∫ ∞
e−st

∫ c ∫ ∞
e−st e−stf (t)dt = f (t)dt + f (t)dt

0 0 c
Since f (t) is piecewise continuous in 0 ≤ t ≤ c it is bounded there. By taking
A=max{ f (t) : 0 ≤ t ≤ c} we have

∫ c

0 e−st f t dt
0

( ) ≤ A∫ e−stdtc

= A e−st
−s

c

0
1

= A s −
e−sc

s
<∞ (8)

Which implies that the integral
∫ c

0 e−st f (t)dt converges. The integral
∫ ∞

c e−st f (t)dt
≤ cK∫ ∞ e−steatdt

∫ ∞

c
= K e−t(s−a

) dt
KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 25 / 125
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∫ ∞

c e−st f (t)dt K
≤ s− a <

∞ s> a. (9)

Thus the integral
∫ ∞

c e−st f (t)dt converges. Hence, the Laplace transform
L { f (t)} converges.
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Note: The condition in the above theorem is not necessary.
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tExample-I: consider f (t) = √1 , which is not piecewise continuous in [0,
∞).But

∞ e−st1 1∫ ∫ ∞

0 0
−u 1/2−1

r
Γ(1/2) π

L √t = √t dt = √s e u du = √s = s , s> 0.
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Example-II: Consider
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f (t) = 2tet2 cos et2

Then f (t) is continuous on [0,∞) but not of exponential order. However,
the Laplace transform of f (t),

t2 2
n , ∫ ∞

t2t −st t2L 2te cos e = e 2te cos e dt
0

exists, since integration by parts yields

t2L 2te cos et2
n ,

= e sin e−st t2
∞

0

∫ ∞

0
−st t2+ s e sin e dt

= −sin(1) + sL nsin
et2 ,

and the latter Laplace transform exists.
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By equation (8) and (9), it is easy to see
that
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s→∞ s→∞
1

lim F(s) ≤ lim A s −
e−sc K

s + s− a
= 0 (10)

Note that:
Any function F(s) without this behaviour (10) can not be Laplace
transform of a certain function. For example, F(s) = s, F(s) = sin
s, +sF(s) = 1s are not Laplace transform of any
function.
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Proble
ms
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 0, 0< t < 1;
Find L {F(t)}, where F(t) = t, 1< t < 2;

By definition we have  0, t >2.
∫ ∞

0
−stL {F(t)} = e F(t)dt

∫ 1

0 1

∫ ∫2 ∞

2
−st −st −st= e F(t)dt + e F(t)dt + e F(t)dt

∫ 1

0 1

∫ ∫

2

∫2 ∞ 2

1
−st −st −st −st= e (0)dt+ e tdt+ e (0)dt = e tdt

e−st e−st
2

1= t × −s − 1× s2 =
te− st e−st

−s − s2
2

1

s2s s
−2e−2s e−2s e−s e−s

= − + + s2 = −e
−2s 2 1

s + s2
+ e−s 1 1

s + s2
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Problems
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Find L {F t( )}, where F(t)
=

2(t −
1) ,0,

t > 1;
0< t < 1. By definition we have

∫ ∫∞ 1
−st −st

∫ ∞

0 1
−st 2L {F(t)} = e F(t)dt = 0 e (0)dt + e (t − 1) dt

= (t −
1)

2 e−st
−s —(2t −

2)
e−st

s2
+
(2)

e−st
−s3

∞

1

= 2e−s

s3
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Gamma Function
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The classical Euler’s gamma function is defined by

0
∫ ∞ e−ttx−1 dtΓ(x) = x> 0. (11)

Properties
1

2

3

Γ(1) = 1
Γ(n+ 1) =
n!
Γ(x+ 1) =
xΓ(x)

4 Γ 1
2

√
= π
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L {√ t}
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Solution:
By definition we have

√ ∫ ∞
−st √

L { t} = e t dt
0

Let st = u then we have sdt = du and t = u/s we have
∫ ∞

0
= e−u

r
u du 1
s s = s√s

∫ ∞

0
−u√e udu

1
= s√s

∫ ∞

0
e 1

u2
−u +1−1du

1 1 1 1
= s√sΓ 2+1 = s√s × 2 ×Γ(1/2)

1 √π √π
= s√s 2 = 2s√s
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L {tα},α∈ R
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Solution:
By definition we have

L {tα} = ∫ e−sttα dt∞

0

Let st = u then we have sdt = du and t = u/s we have
∫ ∞

0
= e−u α

s s
∫ ∞

0
−u αe u du

1 ∫ ∞

0= sα e u
−u α+1−1

u du 1= sα+1

du
1

= sα+1Γ(α+1) using(11)

αL {t } = Γ(a+1)sα+1
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Problems
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Find the Laplace Transform of the following functions

1 F(t)
=

4, 0< t < 1;
3, t > 1;

2 (sint −cost)2
3 |t− 1|+ |t+1|,t > 0
4

5

6

sin2t cos3t
sin3 t
cos32t

7

8
√

9 2t

cosh2 2t
sin( t
)
e + sin3t10 (t+
1)

2

11

12

sin2t sin3t
cos2t cos3t
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Topi
cs

 Heaviside’s First Shifting Theorem Second
Shifting Theorem

 Change of Scale Property
 Laplace Transform of the derivative of f (t)
 Initial Value theorem and Final Value theorem
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1

2

3

4

5
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Heaviside’s First Shifting Theorem
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Theorem
If L { f (t)} = F(s),
then

L {eat f (t)} = F(s−
a)

(12)

Proof.

where a is a real constant.

By definition we have

(13)( ) = ∫ e−(s−a)tL {eat f (t)} = ∫ e−steat f t dt f t dt∞ ∞ ( )
0 0

Using the change of variable u = s− a the equation (13) reduces to

0

∫ ∫∞ ∞

0
at −st at −utL {e f (t)} = e e f (t)dt = e f (t)dt = F(u) = F(s −

a)
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Examples

From the equation (12), we have

nL {t } = n!
sn+1

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

3
8
/
1
2
5

38 / 125



Unit-II (Laplace Transforms-II)

Examples
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3
9
/
1
2
5

From the equation (12), we have

nL {t } = n!
sn+1

at n⇒ L {e t } = n!
(s− a)n+1

b
L {sin(bt)} = s2 +b2

38 / 125
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Examples
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4
0
/
1
2
5

From the equation (12), we have

nL {t } = n!
sn+1

at n⇒ L {e t } = n!
(s− a)n+1

L {sin(bt)}
=

b
s2+b2

at⇒ L {e sin(bt)} = b
(s− a)2+ b2

s
L {cos(bt)} = s2 +b2

38 / 125



Unit-II (Laplace Transforms-II)

Examples
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4
1
/
1
2
5

From the equation (12), we have

nL {t } = n!
sn+1

at n⇒ L {e t } = n!
(s− a)n+1

L {sin( bt)}
=

at⇒ L {e sin(bt)} = b
(s− a)2+ b2

L {cos(bt)}
=

b
s2+b2
s

s2+b2
at⇒ L {e cos(bt)} = s− a

(s− a)2+ b2
b

L {sinh(bt)} = s2 − b2

38 / 125
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Examples
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4
2
/
1
2
5

From the equation (12), we have

nL {t } = n!
sn+1

at n⇒ L {e t } = n!
(s− a)n+1

L {sin( bt)}
=

at⇒ L {e sin(bt)} = b
(s− a)2+ b2

L {cos(bt)}
=

b
s2+b2
s

s2+b2
at⇒ L {e cos(bt)} = s− a

(s− a)2+ b2

s2 − b2
b

L {sinh(bt)} = ⇒ L {eat sinh(bt)} = b
(s− a)2 − b2

s
L {cosh(bt)} = s2 − b2

38 / 125
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Examples

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

4
3
/
1
2
5

From the equation (12), we have

nL {t } = n!
sn+1

at n⇒ L {e t } = n!
(s− a)n+1

L {sin( bt)}
=

at⇒ L {e sin(bt)} = b
(s− a)2+ b2

L {cos(bt)}
=

b
s2+b2
s

s2+b2
at⇒ L {e cos(bt)} = s− a

(s− a)2+ b2

s2 − b2
b

L {sinh(bt)} = ⇒ L {eat sinh(bt)} = b
(s− a)2 − b2

s2 − b2
s

L {cosh(bt)} = ⇒ L {eat cosh(bt)} = s− a
(s− a)2 − b2

38 / 125
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Example
Find the Laplace Transform of e−t cos2t
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Solution: First we find Laplace transform of cos2t.
s

L {cos2t} = s2+22
s

s2+4 = F(s)
by first shifting theorem we have

s−(−1)
L {e−t cos2t} == (s−(−1))2 +

4s+1 s+1= =
(s+ 1)2+ 4 s2+2s+5
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Example
L {e−3t (2cos5t − 3sin5t)}
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Solution: First we find the Laplace transform of 2cos5t − 3sin5t.

L {2 cos5t − 3sin5t} = 2L {cos5t} − 3L {sin5t} linearity
s 5

= 2× s2+52 − 3× s2+52

= − =2s 15 2s− 15
s2+25 s2+25 s2+25 = F(s)

by first shifting theorem we have

L {e−3t (2cos5t − 3sin5t)} = F(s+
3) 2(s+ 3) − 15 2s+ 6 − 15

= =(s+ 3)2+ 25 s2+6s+9+25
2s− 9

= s2+6s+34
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Example

Find L {e3t sin2 t}

Solution: First, we find the Laplace transform of sin2 t. By definition
2L {sin t} = L 1−cos 2t

2
2 1

2since,sin t = [1−cos
2t]1 1

= 2L {1} − 2L {cos2t}
1 1 s 1 s

= 2s − 2s × s2+22 = 2s − 2(s2+4)
= 4s(s2+ 4)
2s2+8− 2s2 2

= s(s2+4) = F(s)

by first shifting theorem we have
2 2

L {e3t sin2 t} = =(s− 3)((s − 3)2+ 4) (s− 3)(s2 − 6s+
13)
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Example
Find L {sinhat sinat}

2 2
1 at e− e−at 1 at atSolution:sinhat = [e − ] and sinhat sinat = [e sinat − sinat].

L {sinhat sinat} = L 1
2

at e−ate sinat − sinat
1
2

at 1
2 e−at= L {e sinat} − L { sinat} linearity

1 a 1 a
= 2 (s− a)2+a2 − 2 (s+a)2+a2 ;shifting theorem

= 2
a (s+a) +a −( s − a) −
a

2 2 2 2

(s+ a)2+a2 ×( s − a)2+
a2= a 4sa

2 s2+2a2 − 2as× s2+2a2+2as
2sa2 2sa2= =

(s2+ 2a2)2 −(2as)2 s4+4a4KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

4
7
/
1
2
5
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Example
Find L {coshta cos at}

Solution: We know that L { cosat} = s
s2+a2 2

1 at e−atand coshat = (e + ).

at e−atL {e cosat+ cosat}

Now, we find

L {coshat cosat} =

= at 1
2 e−atL {e cosat}+ L { cosat}

shifting thm = 1
2F(s− a) + F(s+

a
);whereF(s)
=

linearity
s

s2+a2

=

1
2
1
2
1
2
1 s− a
2 (s− a)2+ a2+

s+a
(s+ a)2+ a2

1 (s− a)[(s− a)2+ a2]+(s+ a)[(s− a)2+
a2]

= 2 (s2+2a2 − 2as)(s2+2a2 −
2as)s3

= s4+4a4
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Example
Find L {(t + 3)3et}

Solution: First we find L {(t + 1)2}.

L {(t +3)2} = L {t2+6t+9}
= L {t2}+6L {t}+L {9} linearity
2 6 9

= s3 + s2 + s = F(s)

by first shifting theorem we have

L {(t + 3)2et} = F(s− 1)
2 6 9

= + +(s− 1)3 (s− 1)2 s− 1
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Heaviside unit step function
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Definition: Let a ≥ 0. The Heaviside unit function H(t − a) =U(t − a)
isdefined by

1, if t ≥ a;
0, if 0 ≤ t < a. (14)

1

(0,
0)

a x

H(t − a) =U(t − a)
=

y
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L {U (t − a)}
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Find L {U(t − a)}
Sol: By definition

L {U(t − a)
=

∫ ∞

0
−ste U(t − a)dt

∫ a ∫ ∞

a
−st −st= 0 e U(t − a)dt+ e U(t − a)dt

=
∫ ∞

a

∫ ∞

a
−st −ste U(t − a)dt = e dt

= e−st
−s

∞

a
=
e−as

s
s> 0.

e−sa
sL {U(t − a) = , s> 0. (15)
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The unit step function can be used to express piecewise functions.
Example: Express the piecewise defined function in terms of the unit step

function f (t)
=

(
4, if 0 ≤ t < 9
6, if t ≥ 9.

Look at the function
4+(6− 4)U(t − 9)

If 0 ≤ t < 9, thenU(t − 9) = 0. Then

4+(6− 4)U(t − 9) = 4+(6− 4)0= 4

and if t ≥ 9, thenU(t − 9) = 1. Then

4+(6− 4)U(t − 9) = 4+(6− 4)1= 6

Thus, we see that

f (t) = 4+(6− 4)U(t − 9) = 4+2U(t −
9)KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 47 / 125
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Consider the piecewise defined
function
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
f(t) = t2,

3t , if

t, if 0 ≤ t < 2
 if 2 ≤ t < 6

t ≥ 6.

g(t)
=

We can express f in terms of unit functions as.

f (t) = t+(t2 − t)U(t − 2) +(t3 − t2)U(t −
6)

Note that:
(
f (t), if t ≥
a.

0, if 0 ≤ t < a→ g(t) = f (t)U(t −
a)
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Example
Find L {e3tH(t − 2)}
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Solution: We know that F(s) = L { e−2s
sH(t − 2)} = . By first shifting theorem

we have

L {e3tH(t − 2)} = F(s− 3)

= e−2(s−3)

s− 3
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Second Shifting Theorem
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Theorem
Let a ≥ 0 and L { f (t)} = F(s). Then

L { f (t − a)U(t − a)} =
e−asF(s)

(16)

Or, equivalently,
L { f (t)U(t − a)} = e−asF(s+
a)

(17)

where U(t − a) is the Heaviside unit step function defined by (14).
or equivalently

If L { f (t)} = F(s) and g(t)
=

f (t −
a),
0,

t > a;
0< t < a. then

L {g(t)} = e−asF(s).
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Proof.
From the
definition
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L { f (t − a)U(t −
a)}∫ ∞

0
−st= e f (t − a)U(t −

a)dt∫ a ∫ ∞

a
−st −st= e f (t − a)U(t − a)dt+ e f (t − a)U(t −

a)dt
0

∫ ∞
−st= e f (t − a)dt

a

which is, by putting t − a= u, we get
∫ ∫∞ ∞

a 0
= e f (t − a)dt = e−st −s (a+u) f (u)du

= e
∫ ∞

0
−as −su −ase f (u)du = e F(s).
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Problem1: Find the Laplace
transform of (t − 2)3H(t − 2)
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Solution: compare the given function with f (t − a)H(t − a), we have a = 2
and 3 6

s4
f (t) = t . We know that L { f (t)} = = F(s). By second shifting theorem
we have

L {(t − 2)3H(t − 2)} =
e−asF(s) −2s 6

= e × s4 =
6e−2s

s4
.

3L {(t − 2) H(t − 2)}
=

6e−2s

s4
.
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Problem2: Find the Laplace transform of
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f (t)
=

π
3 3cos t − , t > π;

0, π
30< t < .

Solution: First we express the given function in-terms of unit step function.
π π
3 3f (t) = cos t − H t − and compare the given function with

f (t −
a)H(

π
3t − a), we have a= and f (t) = cost. We know that

s
2s +1L { f (t)} = =

F(
s). By second shifting theorem we have
π
3L cos t − H t −

π
3

n ,
e−as= F(s)

πs s se− πs3

= e− 3 × s2+1 = s2+1.

L { f ( π
3t)} = L cos t − H t −

π
3

n ,
= se

− πs3

s2+1.
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Problem 3: Find the Laplace transform of
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f (t)
=

2π
3 3cos t − , t > 2π;

2π
30, 0< t < .

Solution: First we express the given function in-terms of unit step function.
2π 2π
3 3f (t) = cos t − H t − and compare the given function with

f (t −
a)H(

2π
3t − a), we have a= and f (t) = cost. We know that

s
2s +1L { f (t)} = =

F(
s). By second shifting theorem we have

2π
3L cos t − H t −

2π
3 e−as= F(s)

2πs s se− 2πs
3

= e− 3 × s2+1 = s2+1 .

2π 2π
L { f (t)} = L cos t − 3 H t − 3

s e −
2πs
3

= s2+1 .



Unit-II (Laplace Transforms-II)

Problem 4: Find the Laplace transform of
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f (t)
=

3π
4 4cos t − , t > 3π;

2π
30, 0< t < .

Solution: First we express the given function in-terms of unit step function.
3π 3π
4 4f (t) = cos t − H t − and compare the given function with

f (t −
a)H(

3π
4t − a), we have a= and f (t) = cost. We know that

s
2s +1L { f (t)} = =

F(
s). By second shifting theorem we have

3π
4L cos t − H t −

3π
4 e−as= F(s)

3πs s se− 3πs
4

= e− 4 × s2+1 = s2+1 .

3π 3π
L { f (t)} = L cos t − 4 H t − 4

s e −
3πs
4

= s2+1 .
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Problem 5: Find the Laplace transform of
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f (t)
=

π
3 3sin t − , t > π;

0, π
30< t < .

Solution: First we express the given function in-terms of unit step function.
π π
3 3f (t) = cos t − H t − and compare the given function with

f (t −
a)H(

π
3t − a), we have a= and f (t) = sint. We know that

1
2s +1L { f (t)} = =

F(
s). By second shifting theorem we have
π
3L cos t − H t −

π
3

n ,
e−as= F(s)

πs 1 e−
πs
3

= e− 3 × s2+1 = s2+1.

L { f ( π
3t)} = L cos t − H t −

π
3 =

n , e−
πs
3

s2+1.
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Problem 6: Find the Laplace
transform of (t − 1)3H(t − 1)
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Solution: compare the given function with f (t − a)H(t − a), we have a = 1
and 3 6

s4
f (t) = t . We know that L { f (t)} = = F(s). By second shifting theorem
we have

L {(t − 1)3H(t − 1)} =
e−asF(s) −s 6 6e−s

s4= e × s4 = .

3 6e−s

s4
L {(t − 1) H(t − 1)} = .
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Problem 7: Find the Laplace transform of
e−2t(1− H(t − 1))
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Solution: Given function e−2t [(1 − H(t − 1)) can be expressed
as e−2t − e−2tH(t − 1). compare the second part of the function
with f (t − a)H(t − a), we have a = 1 and f (t) = e−2t . We
know that 1

s+2L { f (t)} = =
F(

s). By second shifting theorem we have

L {e−2t(1− H(t − 1))} = L {e−2t − e−2tH(t − 1)}
= L {e−2t} − L {e−2tH(t − 1)} linearity

= e−2(t−1+1)—L H(t −
1)

n ,

= — Le−2 e−2 (t−1)H(t−1)

n ,

=

1
s+2
1
s+2
1
s+2—e−2e−s ×

1
s+2 II shifting theorem

1 e−(s+2)
= s+2 − s+2
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Problem 8: Find the Laplace transform of
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g(t)
=

2(t − 1) , t >
1;0, 0< t < 1.

Solution: First we express the given function in-terms of unit step function.
g(t) = (t − 1)2H(t − 1) and compare the given function with f (t − a)H(t −
a),we have a= 1 and f (t) = t . We know that L { f
(

t)} = L {2 2 2
s3

t } = = F(s).
By second shifting theorem we have

L {(t − 1)2H(t − 1)} =
e−asF(s) −s 2 2e−s

s3= e × s3 = .

2 2e−s

s3
L {g(t)} = L {(t − 1) H(t − 1)} = .

Solution 1 of the above problem can be found in Unit-I !
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Change of Scale Property
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Theorem

1
Change of Scale Property: If L { f (t)} = F(s), then

L { f (at)} = aF(s/a) (18)

Proof.
From the definition we have

∫ ∞

0
−ste f (at)dtL { f (at)}

=

=

∫ ∞

0
e−su/a f (u)du/a putat = u,then dt = du/a

= 1
a
∫ ∞

0 e−u(s/a)
1

f (u)du = aF(s/a)
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(s − 1)3
9s2 − 12s+ 15, find L { f

(3t)}.
Problem : L { f (t)}
=

Solution:
Given thatL { f (t)}
=

9s2 − 12s+15
(s− 1)3

= F(s)

by change of scale property we have

L { f (3t)} = 3F(s/3) =

3

1 1 9(s/3)2 − 12(s/3) +
15 (s/3 − 1)2

= 9
27 s2 − 4s+15

(s− 3)3

= 9(s
2 − 4s+
15) (s−

3)3KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 61 / 125
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Problem: L { f ( s
1 −1

s e−tt)} = e , show L { f
(

3t)}
=

e s−3+1
s+ 1.

Solution:

e −1
s

sGiven thatL { f (t)} = = F(s)

by change of scale property we have

1 1 3 −3
−3

e sL { f (3t)} = 3F(s/3) = 3 × s × e s = s =
G(s)

applying first shifting theorem we obtain
e −3
s+1L {e−t f (3t)} = G(s+1) = s 1+
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Problem: L sint
t
}
= tan−1 1

s find L sinat
t
}
.

Solution:

Given thatL
sint
t = tan− 1 1

s = F(s)

by change of scale property we have

L
sinat
at

1
a= F( 1

as/a) = ×tan− 1 a
s

a
1 sinat 1L = tan− 1 a

s

L

t
sinat
t

a

= tan−1 a
s

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 63 / 125



Unit-II (Laplace Transforms-II)

Laplace Transform of Derivatives-I
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Theorem
If L { f (t)} = F(s),
then

L { f ′(t)} = sF(s) − f
(0)

(19)

From the definition of the Laplace transform we have
∫ ∞

′ −st ′L [ f (t] = e f (t)dt
0

Using the integration by parts we have

∞
∫ ∫∞ ∞

′ −st −st −stL [ f (t)] = e f (t) 0 − e (−s) f (t)dt= 0− f (0)+ s 0 e f (t)dt

s→∞

0
Assuming that lim e−st f (t) = 0

= sL ( f (t)) − f (0) = sF(s) − f (0) = L { f ′(t)} = sF(s) −
f (0)
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Laplace Transform of Derivatives-II
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Theorem

If L { f (t)} = F(s),
then

L { f ′′(t)}
L { f ′′′(t)}
L { f
(n)(t)}

= s2F(s) − s f (0) − f ′(0)
= s3F(s) − s2 f (0) − s f ′(0) − f ′′(0)
= snF(s) − sn−1 f (0) − sn−2 f ′(0) − · · · − f
(n−1)(0)

(20)
(21)
(22)
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If L 2 t
π

n q , = √1s s show that L
1√

n , = √1
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πt s

Solution: Let f (
q

t
πt) = 2 then we have f (0) = 0 and

′
f (t) = dt2

r
d t 2

π = √π dt
d √ t

2 1 1 1
= √π × 2√t = π × √t

′ 1
f (t) = √πt

Now find

L { f ′(t)} = sF(s) − f
(0)
L

√πt
1 1

= s× s√s − 0
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The Initial Value Theorem
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Theorem
If L { f (t)} = F(s), and if (t) and its derivatives exist as t →
0

s→∞
lim(sF(s))

s→∞
2lim(s

F(
s) − s f
(0))

= lim f (t) = f (0)
t→0

= lim f ′(t) =
f ′(0)

t→0
Proof.
Since Laplace integral is converges with respect to the parameter s. Hence, it
is permissible to take the limit s → ∞ under the sign of integration so that

s→∞

∫ ∞

0
lim F(s) = lim

s→∞ e−st f (t)dt =
0
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Next, we use the same argument to obtain
∫ ∞

0
lim L { f ′(t)} = lims→∞ s→∞ e−st f ′ t dt( ) = 0

Then it follows from result (19) that

lim L { f ′(t)} = lim[sF(s) − f (0)] =
0
s→∞ s→∞

and hence, we obtain

lim[sF(s)] = f (0) = lim f (t)s→∞ t→0
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Problem: Find f (0) and f ′(0) when F(s) =
s

1
2(s
+25)

and
F(s) =
s2

2s
−2s+25 .

Solution:

s→∞
f (0) = lim[sF(s)] =
lim

= lims 1
s→∞ s(s2+ 25) s→∞ (s2 + 25)= 0

f ′ s→∞
2(0) = lim[s F(s) − s

f (
0)] =
lim

s
s→∞ s(s2 − 2s+25) —0

= lim
s→∞ 2

1
s − 2s+25 = 0

and

f (0) = lim[sF(s)] =
lim

s→∞ s→∞

2s2
2s − 2s+25

s→∞f ′(0) = lim[s2F(s) − s f
0

( )] =
lim

= 2

2s3
2s→∞ s − 2s+25—2s = 4
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The Final Value Theorem
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Theorem
If L { f (t)} = F(s),
then

s→0
lim F s

∫ ∞

0
( ( )) = f (t)dt

t→∞
lim(sF(s)) = lim f
(t)
s→0
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Proof
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Proof.
We use the same argument as employed in previous theorem and find

s→0

∞

0
lim(F(s)) = lim

s→0 e−st
∫ ∫ ∞

0
f (t)dt = f (t)dt

As before, we can use result (19) to obtain

s→0 s→0

∫ ∞

0
limL { f ′(t)} = lim[sF(s) − f (0)] = lims→0 e−st f ′(t)dt

∫ ∞
0

′
t→∞

= f (t)dt = f (∞) − f (0) = lim( f (t) − f
(0))

Thus, it follows immediately that

lim[sF(s)] = lim f (t) = f
(∞)
s→0 t→∞
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Problems: Show that
∫ ∞
0

3t 3
50te− sin tdt = .

Solution: We know that L { 1
1+s2sint} = . In integral from

∫ ∞

0
−st 1

L {sint} = e sint dt = 1+s2

0
∫ ∞ e−st sint dt

1
= 1+ s2

differentiate with respect to s both sides we get

d
ds

∫ ∞

0 e−st sint dt d 1
= ds 1+ s2 ⇒ 0

∫ ∞ e−st sint t dt(− ) −2s=
(1+ s2)2

0

∫ ∞ te−st sint dt = 2s
(1+ s2)2 taking limit s→ 3 we get

0
∫ ∞ te−3t sint dt

2 × 3 6 3= = =(1+ 32)2 100 50KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 72 / 125
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Question
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since, L {
0

t sint} = ∫ t sint e−stdt∞ =
(1+ s2)2
2s Now

0
∫ ∞ t sint e−3tdt

0
∫ ∞ t sint e−2tdt

0
∫ ∞ t sint e−4tdt

3
= 50
4

= 25
8

= 289

as taking s→ 3

as taking s→ 2

as taking s→ 4

0
∫ ∞ t sint e2tdt

−8
= 25

as taking s '→ −2

0
∫ ∞ t sint e3tdt

−6
= 50

as taking s '→ −3

The last two integrals are incorrect because, −2,−3 are not in the domain of
convergence of L {sint}.
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Problems
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Find the Laplace Transform of the following functions

1

2

3

4

t2e−2t

e−at sinh bt
sinh3t cos2 t
e2t cos2 t

5 e−3t(2cos5t − 3sin5t)
6

7

e4t sin2t cost
t cosh3t

8
∫ ∞
0

−2t 3
Show that te costdt = 25
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Topi
cs

 Laplace Transform of Integrals
Multiplication by tn

 Division by t
 Laplace transform of Bessel Function Laplace

Transform of Error Function
 Laplace Transform of Sine and cosine integrals
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1

2

3

4

5

6
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The Laplace Transform of an Integral
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Theorem
If L { f (t)} = F(s),
then

L
∫ t

0
f (τ)dτ = F(s)s . (23)

Proof.
Let g( . t

0t) = f (τ)dτ then g(0) =
0.
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Derivatives of the Laplace Transform
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Theorem

If L { f (t)} = F(s),
then

nL {t f (t)} =
(−1

n dn
dsn) F(s) (24)

where, n∈ N∪
{0}.
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Integral of the Laplace Transform
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Theorem

If L { f (t)} = F(s),
then

L
f
(t)
t

∫ ∞

s
= F(s)ds. (25)

Provided the integral is converges(exists).
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Bessel’s function
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The linear second order ordinary differential equation of type

x2y′′+ xy′+(x2 − n2)y= 0,n= 0,1,2,· · ·

is called the Bessel equation. One of the solution of Bessel’s equation is the
function

Jn(x) = ∑k=0
∞ k(−1)
(x/2)

n+2k

k!(n+
k)!

,|x|<∞ (26)

is called the Bessel’s function order n. Bessel’s function of order 0 is given by

J0(x)
=

∑
k=0

∞ k(−1)
(x/2)

2k

k!(k)!

= x2 x4

,|x|<∞

x6
1− 22 + 22.42 − 22.42.62 +···

(27)



Unit-III(Laplace Transforms-III)

Bessel’s function of order 0
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Example
Find the Laplace transform of Bessel’s function of order 0.

Using the series representation of J0(t),(27) we obtain

80 / 125



Unit-III(Laplace Transforms-III)

Bessel’s function of order 0

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

Example
Find the Laplace transform of Bessel’s function of order 0.

Using the series representation of J0(t),(27) we obtain

L {J0(t)} = L t2 t4 t6
1− 22 + 22.42 − 22.42.62 +···

= L {1} − L t2

22
+L t4

22.42
—L t6

22.42.62
+ · · ·

80 / 125
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Bessel’s function of order 0
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8
7
/
1
2
5

Example
Find the Laplace transform of Bessel’s function of order 0.

Using the series representation of J0(t),(27) we obtain

L {J0(t)} = L t2 t4 t6
1− 22 + 22.42 − 22.42.62 +···

= L {1} − L t2

22
+L t4

22.42
—L t6

22.42.62
+ · · ·

= 1 2! 4! 6!
s − 22 s3 + 22.42s5 − 22.42.62 s7 +···

80 / 125
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Bessel’s function of order 0

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

Example
Find the Laplace transform of Bessel’s function of order 0.

Using the series representation of J0(t),(27) we obtain

L {J0(t)} = L t2 t4 t6
1− 22 + 22.42 − 22.42.62 +···

= L {1} − L t2

22
+L t4

22.42
—L t6

22.42.62
+ · · ·

= 1 2! 4! 6!
s − 22 s3 + 22.42s5 − 22.42.62 s7 +···

= 1
s

"

1− 2 s2 + 2.4
1 1 1.3 1

s2

2

—2.4.6
1.3.5 1

s2

3
+ · · ·

#

80 / 125



Unit-III(Laplace Transforms-III)

Bessel’s function of order 0
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Example
Find the Laplace transform of Bessel’s function of order 0.

Using the series representation of J0(t),(27) we obtain

L {J0(t)} = L t2 t4 t6
1− 22 + 22.42 − 22.42.62 +···

= L {1} − L t2

22
+L t4

22.42
—L t6

22.42.62
+ · · ·

= 1 2! 4! 6!
s − 22 s3 + 22.42s5 − 22.42.62 s7 +···

=
"

1− 2 s2 + 2.4
1 1 1.3 1

s2

2

—2.4.6
1.3.5 1

s2

3
+ · · ·

#

=

1
s

1
s

"
1

1+ s2

−1
2
#

1
= √1+ s2

80 / 125
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L {J0(t)} = 1
√1+ s2

at 0L {e J (t)}
=

1√
1+(s−
a)

2 First shifting theorem

1
√a2+ s2

Change of scaleL {J0(at)} =

L {tJ0(t)} =
s

(1+ s2)3/2
Multiplication by t

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL
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L {J0(t)} = 1
√1+ s2

at 0L {e J (t)}
=

1√
1+(s−
a)

2 First shifting theorem

1
√a2+ s2

Change of scaleL {J0(at)} =

L {tJ0(t)} =
s

(1+ s2)3/2
Multiplication by t

L 0J
(t)t = ??

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL

9
1
/
1
2
5
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Error function
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The error function, erf(x) is defined
by

2 ∫ x
−t 2 (28)erf(x) = √π 0 e dt

In terms of power series, we have
2

erf(x) = √π

∫

0
∑
n=0

(−1
)

x ∞ n

n!
2nt dt

Which is same as
erf(x) =
√

∑
π n=0

2 ∞ (−1)n
n!(2n+
1)

x2n+1

By (28) it is easy to see that

erf(0) = 0 & erf(∞) =
1
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Complementary error function
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The complementary error function is defined by

2 ∫ ∞
−t 2

erfc(x) = √π e dt (29)
x

By equations (28) and (29) it is easy to see that

erfc(x) = 1
−erf(x)
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Laplace transform of Error function
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Find the L {erf(√t)}
Since

erf(t)
=

2
√π

t
−x2e dx

0
√ 2

erf( t) = √π

√ t

0
−x2e dx

2
= √π

∫

∫

∫ √ t

0
x2 x4 x6

1− 1 + 2! − 3!+ · · · dt

2
= √π

x3 x5 x7
x− 3 + 2!× 5 − 3!× 7 +···

√ t

0
2

= √π

"
t1/2 −

t3/2 t5/2 t7/2
3 − 5× 2! − 7× 3! +···

#
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cont · · ·

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 85 / 125

now, taking the Laplace transform

√
L {erf( t)}
=

2
"
1/2√πL t −

t3/2 t5/2 t7/2

3 − 5× 2! − 7× 3! +···

#

= √π
2
Γ( s3/2

3/2) Γ(5/2) Γ(7/2)

2 π
2s3/2 − 4s5/2 + 8s7/2 − · · ·

—3× s5/2 + 2!× 5× s7/2 − · · ·

√ √π √π

=

= √π

1
s3/2

"

1− 2
21 1 1.3 1 1.3.5 1

s + 2.4 s − 2.4.6 s

3
+ · · ·

#

= 1
s3/2

1
1+ s

−21 1
= s√1+ s
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cont · · ·
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now, taking the Laplace transform

√
L {erf( t)}
=

2
"
1/2√πL t −

t3/2 t5/2 t7/2

3 − 5× 2! − 7× 3! +···

#

= √π
2
Γ( s3/2

3/2) Γ(5/2) Γ(7/2)

2 π
2s3/2 − 4s5/2 + 8s7/2 − · · ·

—3× s5/2 + 2!× 5× s7/2 − · · ·

√ √π √π

=

= √π

1
s3/2

"

1− 2
21 1 1.3 1 1.3.5 1

s + 2.4 s − 2.4.6 s

3
+ · · ·

#

= 1
s3/2

1 −1
2 1

1+ s = s 1+ s ⇒
√

√ L {erf( t)}
=

1
s√1+ s



Unit-III(Laplace Transforms-III)

Sine and cosine integrals
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Definition

Sine and Cosine integral functions are defined by respectively

0
dt andSi(x)

=

Ci(x)
=

∫

∫

x

x

∞

sint
t
cost
t dt
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Laplace Transform of Sine Integral: Solution 1
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1
1+ s2 then equation (25) we haveSince, L {sint} =

L sint
t

∫ ∞

s

1
= 1+s2ds= tan (s)|

−1 ∞
s

π
2

1= − tan− (s) = tan−1 1
s

and by the equation (23) we obtain

L
∫ x

0

sint 1
t

sint
tdt = s × L { }

1= tan− 1 1
s s which is same as

L {Si 1
s(x)} = tan− 1 1

s
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Laplace Transform of Sine Integral: Solution 2
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9
9
/
1
2
5

∫ t

0

sinu
u tLet f (t) = du. Then f (0) = 0 and f ′(t) = sint or t f ′

t
( ) = sint.
Takingthe Laplace transform we get

L {t f ′(t)} = L {sint}
d 1

1+ s2− ds{sF(s) − f (0)}
=

dds
{sF(s)}
=

−1
1+ s2

1Integrating we obtain sF(s) = − tan−

(s
) + c. By the initial value theorem

s→∞
π
2lim sF(s) = f (0), then c= . Hence

sF(s
2
π 1) = − tan− (s) = tan−

s1 1 .

Therefore, F( 1
ss) = tan− 1 1

s . Which is same as

L {Si 1
s(x)} = tan− 1 1

s

88 / 125
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Laplace Transform of Sine Integral: Solution 1
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∫ ∞

t

cosu
uLet f (t) = du. Then f (∞) = 0 and f ′(t)

=
t

−cost or t f ′ t( ) =
−cost.Taking the Laplace transform we get

L {t f ′(t)} = L {−cost}
d −s

d
− ds{sF(s) − f (0)} =

ds{sF(s)} =

1+ s2
s

1+ s2

2Integrating we obtain sF(s) = 1 log(1+ s2) + c. By the final-value
theorem
s→0 t→∞ 2lim sF(s) = lim f (t) = 0, then c= 0. Hence sF(s) = 1 log(1+ s2).
Therefore,

s 2F(s) = 1 1 log(1+ s2). Which is same
as 1

L {Ci(x)} = 2s log(1+ s2)
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Topi
cs
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1

2

3

4

5

6

Definition of Inverse Laplace Transform
Linearity Property
First Shifting Theorem
Second Shifting Theorem
Change of Scale property
partial fractions
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Definition:
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1
0
2
/
1
2
5

If the Laplace transform of a function f (t) is F(s), i.e. L { f (t)} = F(s),
then
f (t) is called an inverse Laplace transform of F(s) and we write
L −1{F(s)} = f (t).
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Definition:
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1
0
3
/
1
2
5

If the Laplace transform of a function f (t) is F(s), i.e. L { f (t)} = F(s),
then
f (t) is called an inverse Laplace transform of F(s) and we writeL −1{F(s)} = f (t). Example:

1Since, L {1} = , we can write L −1 1
s s = 1.

s− 4
1

L {e4t} = , s> 4, we can write L −1 1
s− 4

4t= e .

91 / 125
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Table of Inverse Laplace Transforms

1
L {1} = s
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1
0
4
/
1
2
5
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Table of Inverse Laplace Transforms
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1
0
5
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1
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Table of Inverse Laplace Transforms
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1
0
6
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1
= tn

1
L {eat} = s− a
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Table of Inverse Laplace Transforms
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1
0
7
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1
= tn

atL {e } = 1
s− a ⇒ L −1 1

s− a = eat

s
L {cos(bt)} = s2 +b2
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Table of Inverse Laplace Transforms
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1
0
8
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1
= tn

atL {e } = 1
s− a ⇒ L 1

s− a = eat

L {cos(bt)}
=

s
s2+b2 ⇒ L −1

−1

s
s2+b2 =

cos(bt)
b

L {sin(bt)} = s2 +b2
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Table of Inverse Laplace Transforms
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1
0
9
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1 = tn

atL {e } = 1
s− a ⇒ L −1 1

s− a = eat

L {cos (bt)}
=

−1 =
cos(bt)

L {sin(bt)}
=

s
s2+b2
b

s2+b2

⇒ L

⇒ L −1

s
s2+b2
b

s2+b2 =
sin(bt)

s
L {cosh(bt)} = s2 − b2

92 / 125
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Table of Inverse Laplace Transforms
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1
1
0
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1 = tn

atL {e } = 1
s− a ⇒ L −1 1

s− a = eat

L {cos (bt)}
=

−1 =
cos(bt)

L {sin (bt)}
=

−1 =
sin(bt)

L {cosh(bt)}
=

s
s2+b2
b

s2+b2
s

s2− b2

⇒ L

⇒ L

⇒ L −1

s
s2+b2
b

s2+b2
s

s2− b2
=
cosh(bt)

b
L {sinh(bt)} = s2 − b2

92 / 125
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Table of Inverse Laplace Transforms
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1
1
1
/
1
2
5

1
sL {1} = ⇒ L −1 1

s = 1

nL {t } = n!
sn+1 ⇒ L −1 n!

sn+1 = tn

atL {e } = 1
s− a ⇒ L −1 1

s− a = eat

L {cos (bt)}
=

−1 =
cos(bt)

L {sin (bt)}
=

−1 =
sin(bt)

L {cosh( bt)}
=

s
s2+b2
b

s2+b2
s

s2− b2
−1

s
s2+b2
b

s2+b2
s

s2− b2
=
cosh(bt)

L {sinh(bt)}
=

b
s2− b2

⇒ L

⇒ L

⇒ L

⇒ L −1 b
s2− b2 =

sinh(bt)
92 / 125
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Linearity property
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Let F1(s) and F2(s) be the Laplace transform of f1(t) and f2(t)
respectively and c1,c2 ∈ R, then

L −1{c1F1(s) + c2F2(s)} = c1L −1{F1(s)}+ c2L −1{F2(s)}
= c1 f1(t)+ c2 f2(t)
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First shifting theorem
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Theorem
If L −1{F(s)} = f (t), then

L −1{F(s − a)} = eat f (t)
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Second shifting theorem
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Theorem

If L −1{F(s)} = f (t),
then

−1 e−asL { F(s)}
= 0,

f (t − a), t >
a;

t < a.
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Change of scale property
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Theorem

If L −1{F(s)} = f (t),
then

−1L {F( 1 t
a aas)} = f .
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Partial Fractions
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Partial Fraction Decompositions. We will be concerned with the quotient of two
polynomials, namely a rational function

F(s) =
P(s) Q(s)

where the degree of Q(s) is greater than the degree of P(s), and P(s) and
Q(s) have no common factors. Then F(s) can be expressed as a finite sum
of partial fractions.

For each linear factor of the form as+ b of Q(s), there corresponds a
partial fraction of the form

A
as+b,

A is a constant
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Cont ...
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1
1
7
/
1
2
5

1 For each repeated linear factor of the form (as+ b)n, there corresponds
a partial fraction of the form

A A1 2
as+b (as+ b)2+ + · · ·+ An

(as+ b)n, A1,A2,· · ·An constants
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Cont ...
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1
1
8
/
1
2
5

1 For each repeated linear factor of the form (as+ b)n, there corresponds
a partial fraction of the form

A A1 2 An
as+b (as+ b)2 (as+ b)n+ + · · ·+ , A1,A2,· · ·An constants

2 For every quadratic factor of the form as2+ bs+ c, there corresponds a
partial fraction of the form

As+B
as2+bs+ c,

A,B constants

98 / 125
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Cont ...
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For every repeated quadratic factor of the form (as2+ bs+ c)n,
there corresponds a partial fraction of the form

2 2
as2+bs+ c (as2+bs+ c)2+ + · · ·+A1s+B1 A s+B A s+Bn n

(as2+bs+ c)n
A1,A2, · · ·An,B1,B2,...Bn constants
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Definition and Examples
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Find: L −1 4s+1
2s +10s+34

˛¸ x

Sol: Here the denominator does not factor over the reals. Hence complete the
square.

s2+10s+34 = s2+10s +25−25+34= (s+5)2+9

L −1
4s+1

s2+10s+34 = `L −1 (s+4s5+2)
1+9

= L −1 4(s+ 5) − 20+
1 (s+ 5)2+
9= L −1 4(s+ 5) −

19(s+ 5)2+
9= 4L −1 (s+5)
(s+ 5)2+
9

—19L −1 1
(s+ 5)2+
95t 19

3= 4e− cos(3t) − L −1 3
(s+ 5)2+
95t= 4e− cos(3t)

−

19
3 e−5t sin(3t)
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Topi
cs

 Inverse Laplace transforms of Derivatives Laplace
Transforms of Integrals

 by Powers of P- Division by powers of P Convolution
Theorem

 Heaviside’s Expansion theorem
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1

2

3

4

5



Unit-V (Laplace Transforms)

Inverse Laplace Transform of derivatives
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If L −1{F(s)} = f (t),
then

−1 n (n)
, dn−1 n n

L F (s) = L dsn F(s) = (−1) t f
(t)



Unit-V (Laplace Transforms)

Inverse Laplace Transform of Integrals
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If L −1{F(s)} = f (t), then

L −1
∫ ∞

s
F(u)du = f (t)t



Unit-V (Laplace Transforms)

Inverse Laplace Transform of derivatives
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Unit-V (Laplace Transforms)

Inverse Laplace Transform of derivatives
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Unit-V (Laplace Transforms)

Examples
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−1 F(s)
s

∫ t

0
= f (τ)dτ.Show that L

Solution:
∫ t

0
(
)

Let g(t) = f τ dτ. Then g′ t( ) = f
t

( ) and g
0

( ) = 0. By Laplace
transformof derivatives

L {g′(t)}
L { f (t)}

F(s)
F(s)
s

= sL {g(t)} − g(0)
= sL {g(t)}
= sL {g(t)}

= L {g(t)} which is same
as

L −1 F(s)
s =

∫ t
f (τ)dτ

0



Unit-V (Laplace Transforms)

Examples

KEZIA (ST.JOSEPH'S COLLEGE FORWOMEN KURNOOL 107 / 125

Show that L −1 F(s)
s2

=
∫ ∫t t1

0 0
1f

(τ)dτdt .Solution:
Let g(t)
=

∫ ∫t t1
1f (τ)dτdt . Then g′ t

∫ t

0 0 0
( ) = f (τ)dτ and g′′ t( ) = f (t).

Sinceg(0) = g′(0) = 0. By Laplace transform of
derivatives

L {g′′(t)}
L { f (t)}

F(s)
F(s)
s2

= sL {g(t)} − sg(0) − g′(0)
= s2L {g(t)}, since g′′(t) = f (t)
= s2L {g(t)}

= L {g(t)} same as

L −1 F(s)
s2

=
∫ t ∫ t1

0 0
f (τ)dτdt1



Unit-V (Laplace Transforms)

Convolution:
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Applications

Application 1: Calculating Integrals
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Show that ∫ ∞ te−3t sintdt0
Since, L {sint} =

1
1+ s2

3
= 50
and

d
dsL {t sint} = − L {sint} = −

d 1
= 2s

ds 1+ s2 (1+ s2)2

equivalently,

∫ ∞t sinte−stdt =
2s

(1+ s2)20

Now taking the limit as s → 3

0

∫ ∞t sinte−3tdt = 2 × 3 3
(1+ 32)2 =
50



Applications

Application 1: Calculating Integrals
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since, L {
0

t sint} = ∫ t sint e−stdt∞
= 2s
(1+ s2)2

1

0
∫ ∞ t sint e−3tdt

3
= 50

2

0

1∫ ∞ t sint e−tdt for s 1= 2 =

3

0

∫ ∞ t sint dt 0 ? for s 0= =

4

0
∫ ∞ t sint e3tdt = 50

−3 ? s= −3



Applications

Application 2: Solving Differential Equations
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Solve the initial value problem y′′+ 4y = cos(2t),y(0) = 1,y′(0) =
1. Solution.
Taking the Laplace of both sides to obtain L {y′′}+ 4L {y} = L {cos(2t)}

2 y′

the last equation reduces to

s Y (s) − sy(0) − (0) + 4Y(s)
=

s
s2+4

Solving this equation for Y (s) we
find

Y (s)
=

s+1 + ≡s2+4 (s2+ 4) s2+4+ +s s 1 s
s2+4 (s2+ 4)2

taking Laplace inverse we get

y(t) =
L

−1 s
s2+4 +L −1 1

s2+4 +L −1 s
(s2+ 4)2

= cos(2t)
+ 2

sin(2t) t
+ 4 sin(2t)



Applications

Application 3: Solving Partial Differential
Equations
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Applications

Application 4: Integral Equations
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Applications

Application 5: Circuite Problems
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Applications

Application: Calculating Integrals
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Convergence of Integrals

Convergence of Integrals
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Integrals with Infinite limits of integration are called improper integral of
Type-I
If f (x) is continuous on [a,∞),

a

∫ ∫∞ b

b→∞ a
f (x)dx = lim f (x)dx

If the limit is finite we ay that the improper integral converges and that the limit
is the value of the improper integral. If the limit fails to exists, the improper
integral diverges.



Convergence of Integrals

Example-I
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Is the integral
∫ ∞

0

1
1+ x2dx converges?

∫ ∞

0

1
1+ x2dx = lim

∫ b 1
b→∞ 0 1+ x2dx

b→∞
1= lim tan− (x) b0

b→∞
1 1= lim tan− (b) − tan−

(0

π
2) = − 0= π2

So, limit value is finite, hence the above integral is converges.



Convergence of Integrals

Example-II
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Is the integral
∫ ∞

1

1
xp dx converges?

∫ ∞

1

1
xp dx = lim

∫ b

b→∞ 1

1
xp dx

= lim 1
b→∞ (1− p)x1−p

b

0

P−1 −
1 1 =

1
p−1= lim

b→∞ (1− p)b 1− p ∞,
, p> 1;
p< 1.

So, limit value is finite, hence the above integral is converges.

∫ ∞

1

1
xp dx =

converges ,
diverges ,

if p> 1;
if p ≤ 1.



Convergence of Integrals

Direct
Comparison Test:
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Theorem
Let f and g are continuous function on [a,∞) with 0 ≤ f (x) ≤ g(x) for
allx ≥ a. Then

1 f x dx converges if
∞ ∞

0 0
( ) g(x)dx converges.

2

∫ ∫

∫ ∞ ∫ ∞

0 0
g(x)dx diverges if f (x)dx converges.



Convergence of Integrals

Order 0 and 1
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When n = 0 in (4), Bessel’s function of order 0 is given by
J x2 x4 x6
0(x) = 1− 22 + 22.42 − 22.42.62 + · · · (30)

When n = 1 in (4), Bessel’s function of order 1 is given by

x x3 x5
J1(x) = 2 − 23.3+ 22.42.6 − · · · (31)



Convergence of Integrals

Limit
Comparison
Test:
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Theorem
If the positive functions f and g are continuous on [a,∞), and if

x→∞ g(x)lim f(x) = L, 0<L<∞

then ∫ ∞

0
f x dx( ) and

∫ ∞

0
g(x)dx

both converge or both diverge.
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Integral Formulaes

1 . kdx= kx+ c
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2
. 1
xdx= lnx+ c

3
.

n xn+1
n+1x dx= +c,(n

=
̸ −1)

4
. x xe dx= e + c

5
. x axa dx= lna + c

6 . cosxdx= sinx+ c
7

. sinxdx= −cos x+ c
8

. 2sec xdx= tanx+ c
9 . csc2 xdx= −cot x+ c
10

. secx tanxdx= secx+ c
11 . cscxcotxdx= −csc x+ c
12 . tanxdx= ln |secx|+ c

13 . cotxdx= ln |sinx|+ c
14 . sinhxdx= coshx+ c
15 . coshxdx= sinhx+ c
16

.
√
a2−x2
dx 1 x= sin− +c

17
. dx√

x2−a2

a
1 x
a= cosh− +c

18
.

2 2a +x a a
dx = 1 tan−1 x +

c19
.

√
a2+x2
dx 1 x

a= sinh− + c
20

.
2 2
dx 1 x+a

a −x 2a x−a= ln | |+ c
21

. lnxdx= x lnx− x+ c
22

. axe sinbxdx=
eax
a2+b2 [asinbx− bcosbx]+

c



Integral Formulaes

r
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Integral Formulaes

Thank You !
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