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What we know is not much. Wha
do not know is immense.

Pierre-Si
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Unit-I (Laplace Transforms

Definition and Examples

Definition
The Laplace transform is defined in the following way. Let f(¢) be d
for ¢ 2 0. Then the Laplace transform of f, which is denoted by L
by F(s), is defined by the following equation
.f n -r o
LIf(O]=F(s)=1lim e f(t)dt= e f(0)dt

n—o o, o

If the integral is converges.

4/125
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Unit-I (Laplace Transforms,

Examples

Examples

Find the Laplace transform of the constant function f(¢) = 1,0 <

o f ¢ I oo
F(s) = st S Xt = e (1)dt
o o
I
= lim e™dt
b= , b
= lim €Y , provided £=0
b— ) 0
= fim 21
b~ -5 -8
= lim €2 +°

b~ ) )
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Examples

Recall a limit

Hence,

Thus

F(s)=L[] lim €2 4+1=0+1=14>0
b—oo S N N

n this case domain of the trOansformation is the set of all positive r
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Unit-I (Laplace Transforms,

0, ifx— 4o
e ©, ifx— -
b=  —S§ o, ifs <O0.

-S

F(s) =L [1] s_,s >
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Unit-I (Laplace Transforms,

Examples

Examples

Find the Laplace transform of the function f () = e“, where a is
0<t<w

J J
F(s) = eufleXt= o (eat)dt
o o
I

= lim ¥t

b= fo s cat
= lim e G4 Use edt = —

b~ #b a
= lim (o)t provided & =a

o —(s-a) '
" 0 #
lim e (s-a)b 1
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Unit-I (Laplace Transforms,

by (1) " #

T G LAy S S|
b—o —(s-a) s-a

L [¢"] =g—1a 5 >al.

In this case domain of the transformation is the set of all positive re
greater than a. In particular

_1

L[] = /S >4
1

L[e'] = s¥ts>-1
1

L[] 2= ,8>2

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 8/125



Unit-I (Laplace Transforms,

Examples

Find the Laplace transform of the function f(¢) = sin(at), wher
constant. I
e}
F(s) = o-st (sinat)dt

o

= lim %;(—ssin(at)— a
cos(at)) 0
= I}im Ze__:b 5 (-ssin(ab) - acos(ab))
-= s24a
a

2+ d?

a
s2 + a2

a
L {sin(at)} = 2 a2, s>0}
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Unit-I (Laplace Transforms,

Examples

Find the Laplace transform of the function f(¢) = cos(at), wher

constant. I
F(s) = o-st (cosat)dt
o
b
. —St
= lim ze—sz(—s cos(at) +a
b— +a”. 0
sin(at))
= [}gg Sze_:b 2( s cos(ab) + asin(ab)) i

K
L {cos(at)} = g2 +q2, s>0|
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Unit-I (Laplace Transforms,

Find the Laplace transform of the function /() = ¢, where
Bol: We recall that

[« 1
0 estdt = ¢, §>0

formally differentiate (2) with respect to s. This gives

J otemstgy 1l s_0
0 - s2s >

which means that |

L= g,s>0

formally differentiate (3) with respect to s. This gives

J.wZ—st 2
Ote dt=S3/ s>0

which means that

2
L [t2]=S3IS>O 117125
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Unit-I (Laplace Transforms,

formally differentiate (4) with respect to s. This
gives

{ 6

[¢9)
0 Besdt = 4 §>0

which means that 31

L[A]l=g,s>0 31=6

Similarly, differentiation of (2) n times yields

Lim=_",5>0
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Laplace transform is Lmear

If ¢ is a constant and f and g are functions then

L{cf()} = cL{f(1)}
L {cf(t) +g(1)} cL {f(e)}+L {g(1)}

More precisely,

Theorem

Suppose F(s) = L { f(t)} exists fors > ay and F5(s) = L {g(t)} ex
for

s > ay. Then

L {c1f(t) +cag(t)} = 1L {f(2)} + 2L
{g(1)}

or ‘EEZlA?ﬁ%SEMélgoﬁgg Fgg wﬁs%%{a s (12} . 137125



Unit-I (Laplace Transforms,

Important Note

Note that:
LA{f(g()y=L {f(t)}xL
{g(#)}
Example
We know that
2
L {tz} = 53
but | 1 1 2

L{tyxL{t}=gpx g =e=g!
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Unit-I (Laplace Transforms,

Examples on Linearity

51 480
L4 =4L (Y =47 =" ,5>0
s0 56
1
L {e> +sin(5¢)) =L ('} + L {sin(5¢)) —5 +
— N

Find L {€* + 47 - 2sin3¢ + 3 cos 3.
By linearity (6) we have

L {€* +4£ - 2sin3t + 3cos 3¢}
=L (¥} +4L (£} - 2L {sin3¢} + 3L {cos3t}

1 3! 3 s
=5-2F4x 9 -2x o430 +3x 43
1 24 6 3s
=7 s >2,
= +t 4- 2,091 2

s—2 g s+9  s+9
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Unit-I (Laplace Transforms,

Examples on Linearity

Find L {7e* +9e¢™% + 5cost + 7 + 5sin34.
By linearity (6) we have

L {7¢* +9¢™% + 5cost + 7F + 5sin 3¢}

=7L (¥} +9L {e %'} + 5L {cost} + 7L {3} + 5L {sin3z}
1 1 s 3! 3

=Tg-2+9%x g42+5%x o412 +7x g4 +5% 043
7 9 5 42 15

=s—2+s+2+sz+1+s4 +

s >2.
2497
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Unit-I (Laplace Transforms,

Examples on Linearity
Find L {sinh(at)}&L {cosh(at)} where a is a constant.

. 1
We know that sinh(at) =5 ea gat cosh(ar) =5 e +,
linearity (6) we have

L {sinh(at)} =L [% eat ~ p-at '}

L") - 0L (ea)

1

2

1 1 1 1 s+a-s+a
2 s-a s+a 2 (s+a)(s-

s>lal. @

a 5
L {sinh(at)} = 57==2; L {cosh(at)} = so=22, §
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Unit-I (Laplace Transforms,

Examples on Linearity

Find L {(5¢* - 3)*.

{(5¢* - 3)?} = L {25¢¥ - 30¢* +9)

=25L{e4’}—30L{e } +L {9}
1 1 1
=25-4-30g_2+9

25 30 9

- T s >4,
Ts-4 s-2" s
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Unit-I (Laplace Transforms,

Examples on Linearity
Find L {(5¢* - 3)*.

{(5¢* - 3)?} = L {25¢¥ - 30¢* +9)

=25L{e4’}—30L{e } +L {9}
1 1 1
=25-4-30g_2+9

25 30 9

- T s >4,
Ts-4 s-2" s
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Unit-I (Laplace Transforms,

Examples on Linearity

Find L {sin® at}.

. 1
Since sin® (at) =3 1 -cos(2at) . Then we
have

L (sin’(at) = 3L l—cos(2at)}

= L 1 - %L cos (2at)}

4a2) : 20/ 125
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A function £ is piecewise continuous on the interval [a, b]

ifﬂ The interval [a, b] can be broken into a finite number of subintervals

a=ty <t <t <---<t, = bsuchthat f is continuous in each
subinterval (#;,t;+1), fori =0,1,2,---n~

@ | The function /" has jump discontinuity at

t.
Tlim f(¢) <,i=0,1,2,---n- 1 lim () <oo,i=0,1,2,-
‘ah it

Note: A function is piecewise continuous on [0, ®) if it is piecewise continubus
in [0, 4] forall 4 > 0.




Unit-I (Laplace Transforms,

Examples

@ The function

J t, O0<t<I;
7(1) = 2, 1<t<2;
t+1, 2<t< 3.
is piecewise continuous on [0,

@ ZThe functions f(t) = [x],x-[x], ets are piecewise continuou
Q ®). The function

is not piecewise continuous on [0,4].

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-I (Laplace Transforms,

Exponential order

\

Definition

A function /() is said to be of exponential order a(> 0) on 0 < ¢
there exists a positive constant K such that for all ¢t > ¢

/()] < Ke”

Or, equivalently,

tim 759 = o

and we write this symbolically as
f(t) =0(e") ast—
(¢ o)
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Unit-I (Laplace Transforms

Existence Conditions for the Laplace Transform

Theorem

If a function f(t) is continuous or piecewise continuous in every fi
in [0, %), and of exponential order e, then the Laplace transform o
exists for all s provided s > a and

lim F(s) = lim L {£(r)} = 0.

S0

Proof.

Since, f(t) is piecewise continuous and of exponential order ¢’ on
then there exists s a positive constant K such that for all t > ¢

|/ (2)] < Ke”

he integral in the definition of F(s) can be split into two integral
S féﬂlmﬂ’ﬁs COLLEGE FOR WOMEN KURNOOL
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Unit-I (Laplace Transforms,

J I J
, f(D)dt = , e f(@)dt + st f(2)d

Since f(¢) is piecewise continuous in 0 < 7 < c¢ it is bounded th
A=max{f(z) :0< t< ¢} we have
Jo () sal e

e—stf t dt
0 0
c
=4 €
-5
1 eS¢
- <®
=4 § -
s
Ie
Which implies that the integral est f (¢)dt converges. The integral
0
il

c

est f(t)dt Kf © e-steatdt
< I
=K e;’(s'“ dt

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL ¢
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Unit-I (Laplace Transforms,

[ s X
st f()dt  — o s>a.
¢ < <
s—a
J
Thus the integral o-st f(#)dt converges. Hence, the Laplace tra

L {f(1)} convergefs.
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Unit-I (Laplace Transforms,

| Note: The condition in the above theorem is not necessary.

Example-l: consider f(¢) = iil , which is not piecewise continuo
B}

.
L Img\‘i Lf”—u 1/2-1 (2 =«
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Unit-I (Laplace Transforms,

Example-ll: Consider

f(t) = 2te” cos €

Then f(¢) is continuous on [0, ®) but not of exponential order.
the Laplace transform of f(¢),

n o de ,
L 2tefcos ¢ = % 2efcos € dt
0

exists, since integration by parts yields

n 2 ) 5 B J. [es)
L 2tefcos ¢ = ¢%gin ¢ +s

0 0

= -sin(1) +sL Nsin

etz )

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-I (Laplace Transforms,

By equation (8) and (9), it is easy to see
that
l e—SC

lim F(s) < lim A4 -

Note that:
% Any function F(s) without this behaviour (10) can not be Laplac
transform of a certain function. For example, F(s) = s, F(s) =

#(s) =% are not Laplace transform of any
function.
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Unit-I (Laplace Transforms,

Proble

ms 1[ 0, 0<t<I;
Find L {F(t)},WhereF(t) = { 1<1<2;
By definition \jve have Lo, t>2
L{F(t)} = e F(r)dt
0
I 1 I 5 I o
= UF(dt+ (A e F(nde
0 1 5
I I, J « I,

= e (0)dt+ e idt+ e (0)dt =
0 1 2 1

2 - 2
et e~st te st e—st

) S
—De-2s e-2s e—s
= S - + S +

e~ S
2 s2 2
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Unit-I (Laplace Transforms,

Problems

(t- 2 t>1;
0), 0<tr<l1.

f [es) f 1 I ©
L (F(1)} = . eF(dt = o ¢ (0)dt + 1 e (-1

Find L {F (¢ )}, where F(t) By definitio

= (- 2 e_‘_“ —(2t- <X 4+ el
) ) 2 (2 °F
— 2es

§3
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Unit-I (Laplace Transforms,

Gamma Function

The classical Euler's gamma function is defined by
() = =e-iprar x>0,

Properties
@ () =1
Q@ I(n+1)=
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Unit-I (Laplace Transforms,

i

Solution:
By definition we have

1}

Voo Je v
L{ t}= e tdt
0

Let st = u then we have sdf = du and t = u/s we have

I I
® d 1 7 A
= e 4 —u_—_ e " udu
01 fo S s Ts's O
— —u L+1-1
-, e“u2 du
s's

1 1
=ﬁ? 2+1 =s}§><2><1"(1/2)
1 V& Vx

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURRDOL, '\/- 2 = 2 '\[ 337125
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Unit-I (Laplace Transforms,

L {7, a€ER

Solution:
By definition we have

L {t%) =J we S dt
0

Let st = u then we have sdf = du and t = u/s we have

I © —u u a@ _ _1 I ©
= e =
s s Sa+1 0

= sariD(a+1) using(11)

Lt = Bia:

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-I (Laplace Transforms,

Problems

Find the Laplace Transform of the following functions

4, 0<t<I: @ cosh>2:
Q i(t) 3, 1> o sin( 7
@ (sint -cost)? Q )

Q li-1|+t+1],:>0 5
@ sin2zcos 3t Q ét‘ﬂ-sm3t
Q@ sin’/ Q d4in2¢ sin 3¢

Q cos’2t @ °os 2t cos 3t
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Unit-1l (Laplace Transforms-II

Topi
Ccs

%Heaviside’s First Shifting Theorem Second
Shifting Theorem

%Change of Scale Property
%Laplace Transform of the derivative of f(¢)

%Initial Value theorem and Final Value theorem
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Heaviside’s F1rst Sh1ftmg Theorem

\

Theorem

L {f(2)} = F(s),

then
L {e"f(1)} = F(s~-
a)

where a is a real constant.

Proof.
By definition we have

i)
L {e"f(t)} = Ime's’e‘”f(t D = me_(s_a)tf( t)dt

0
Using the change of variable u = s - a the equation (13) reduces to
J
L{e“f(1)) = e f(di = e f(0)dt = F(u)

KEZIAST.JOSEPHS COLLEGE FOR WOMENGURNOOL 37/125
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Unit-1l (Laplace Transforms-II

Examples

From the equation (12). we have

_n!
L {tn} = sntl

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-II

Examples

From the equation (12). we have
n L' at, n
L{t}=sn+1=>L{e t"y =

b
L {sin(br)} = 2 +p

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-II

Examples

From the equation (12). we have

n L' at, n
L{t}=sn+1=>L{e t"y =
b
L {sin(bt)} 2=l {e“sin(bt)} =
- s

L {cos(bt)} = 52 +p2

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-II

Examples

From the equation (12). we have
|

” _n:
L{t}=sn+1:

L {sin( bt)}

L {cos(bt)}

S2 +b2 =L [eat Sln(bt)]
S

s* + b?
b

L (sinh(b1)) = - 2

= L {e“cos(bt)}

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-I|

Examples

From the equation (12). we have

m o 2l
L{t}=sn+1:

L {sin( bt)}

L {cos(bt)}

- at :
2> L {e“sin(bt)}
s
— 2+ b

b
L {sinh(bt)} =2 2 L {e” sinh(bt)}

= L {e“cos(bt)} =

S
L {cosh(b)} = - 1a

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-I|

Examples

From the equation (12). we have

m o 2l
L{t}=sn+1:

b
L {sin( bt)} 2ep =L {e” sin(bt)}

s
§2 + b?
h(b :
L {si 1)} =
{sinh(b1)} 2 p

L {cosh(bt)} =s2_s , = L {e” cosh(br)}

b

L {cos(bt)} = L {e“cos(bt)}

= L {e“ sinh(ht))

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1l (Laplace Transforms-II

Find the Laplace Transform of e’ cos2t

Solution: First we find Laplace transform of cos2t.

s
L {cos2t} = oo+
s
s2+4 = F(s)
by first shifting theorem we have
L {e'cos2t} == ==l
(s-(-1))*+
45+1 s+1

5+ 1)7+4 SH25+5
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Unit-1l (Laplace Transforms-I|

Example

L {e3 (2cos5t - 3sin5t)}

Solution: First we find the Laplace transform of 2 cos 5¢ — 3 sin 5¢.

L {2cos5t- 3sin5t} = 2L {cos5¢t} - 3L {sin5¢} lineari

s 5
= 2% sr#57 - 3% sy
2s 15 25-15 _

2425 $2+25 $£4+25

by first shifting theorem we have

L {e73 (2cos5t- 3sin5¢)} = F(s +
3) 2(s+3)-15 25+ 6-1

T (s4+3)2+25 S+6s+9+
25-9

B S2+6S+34 40 /125
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Unit-1l (Laplace Transforms-I|

Example

Find L {e* sin®7}

Solution: First, we find the Laplace transform of sin?1. By definiti

1- 2t 1
L {sin’t} =L €5 since, sin’s = ~ [1-c¢
2 2] 2
1 1
=9 {1} - 2L {cos2t}
1 1 K 1 s
T2 T 25 2422 T 25T 2(s2+4)
257 +8-2¢° 2

- 4s(S2 +4) T s(s2+4) = F(s)

by first shifting theorem we have

2 2
L {e¥sin?t} = =
KEZIA(ST.JOSEPH{‘SCOLLEGEFORWO/}EN KURNO(LS - 3)((S - 3)2 + 4) (S - 3)(512/ 3
13)



Unit-1l (Laplace Transforms-I|

Example
Find L {sinhat sinat}

Solution:sinhat = 1 [es - ,-a] and sinhatsinat =5 [« sinat -

. . 1 . )
L {sinhatsinat} = L 3 e” sinat - ,-a sinat

= iL {e“sinat} - ;L { o-ar sinat} lineari
1 a 1 a

=2 (s-a)2+a2 ~ E(S+a)2 + a2 ; shifting th
a (s+af +a -(s-a) -?

=2 (sta)+a®x(s-a)+

_a a2 4sa

T2 2 42a- 2asx s242a% + 2as

2sa® 2sa”

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN |<URNO(LS2 + 2(12 ) 2_ ( 2as ) 2 S4 + 4(14

G~ N A
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Unit-1l (Laplace Transforms-I|

Example
Find L {coshfa cos at}

s
Solution: We know that L { cosat} =~ and coshar = 1 (
s

+ a?
Now, we find

L {coshatcosat} = L {e‘”cosat+e-at cosat}

N = N =

1
L {e“cosat} + EL { g-ar cosat} linearity

1 1
shifting thm = EF(s - a) +5 F(s+ );whereF(s)

1 s—a + “s+a
2 (s-a)Y+d> (s+a)+d°
12 (s- a)[(s- a)>+a®]+ (s+a)[(s- a)

= ; (s* +2a% - 2as)(s* +24° -

3 2as)

KEZIA (ST.JOSEPH'S COLLEGE FOR WOMEN KURNOOL 437125
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Unit-1l (Laplace Transforms-II

Example

Find L {(t +3)°¢'}

Solution: First we find L {(¢ + 1)?}.

L {(t+3)*) =L {f*+6t+9}

=L {*}+6L {t} +L {9} linearity
2 6 9
=5ttt =F()

by first shifting theorem we have

L {(t+3)%}) =F(s- 1)
2 6 9

N AR
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Unit-1l (Laplace Transforms-II

Heaviside unit step function

Definition: Let @ > 0. The Heaviside unit function H(t - a) = U
efined by

1, ift> g
Hi-a)=Ult-a) " oci<q
7
| —
o I
0)
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Unit-1l (Laplace Transforms-II

L {U(t- a)}

Find L {U(¢ - a)}
Sol: By definition
J. o]
L {U(t- a) e'U(t- a)dt
= 5, e
= o e"U(t-a)dt+ eFU(t- a)dt
f

I o [
= e'U(t-a)dt = edt
a a
e
= €L =__ >0,
s, p

L {(U(t- a) =%, s>0.
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Unit-1l (Laplace Transforms-I|

The unit step function can be used to express piecewise functio
Example: Expre§s the piecewise defined function in terms of the
4, if0<t<9
= 6, ift=9.
Look at the function

function f(¢)

4+ (6-4)U(t-9)
IfO< ¢ <9,thenU(t-9) = 0. Then

4+ (6- 4)U(t-9) =4+ (6- 4)0 =4

andifz 2 9,then U(¢- 9) = 1. Then

44+ (6-4)U(t-9)=4+(6-4)1=6
Thus, we see that

KEZIA (ST.JOSEPHS COLLEGE FORWOMEthUREOL4 + (6 - 4) U(t - 9) = 4 + 2U(4£/TZS

9)




Unit-1l (Laplace Transforms-II

Consider the piecewise defined
function (

14, if 0s1<2

f(t)=[tz f 2<1<6
t if
’ > 6.

We can express f in terms of unit functions as.

() =t+(P-0)U@-2)+ (- A)U(t-
6)

Note that:

gy (0 if0si<a— [o()= f()U(s-
— ];'(t), ift > )
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Unit-1l (Laplace Transforms-II

Example
Find L {(e3H(t - 2)}

Solution: We know that F(s) = L {H(t~- 2)} =e2-. By first shifting

we have

L {&H(t-2)} = F(s- 3)
= e72(s73)

s—3
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Unit-1l (Laplace Transforms-I|

Second Shifting Theorem

Theorem
Leta= Oand L {f(t)} = F(s). Then

L{f(t-a)U(t- a)}

e “F(s)
Or, equivalently,

L {f()U(t-a)} =

or equivalently
IFL {f(t)} = F(s) and g(t) fagt_
L {g(1)} = e “F(s). 0,

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL

e “F(s+
where U(t - a) is the ‘f-)eaviside unit step function defined by (14).

t>a;

then
0<t<a.
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Unit-1l (Laplace Transforms-II

Proof.

From the
definition

/(t— a)U(t-

e f(t- a)U(t-
a)dl, I %
= e f(t-a)U(t-a)dt+ e f(t-a)U(t-
a)éﬂm ‘
= Y e f(t- a)dr

which is, by putting £ - @ = u, we get
J J
= e ft-a)dt= T f(w)du
a
J
=e® M f(u)du = e_”SF(s).
0
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Problem1: Fmd the Laplace
transform of (¢- 2)°H(s - 2)

Solution: compare the given function with /(¢ - a)H(¢ - a), we h
gtfd) =5 . We know that L { f(¢)} =° —F(s) By second shiftin
we have

L {(t-2)°H(:-2)} =
e “F(s)

L {(¢t- 28 H(t-2)} b,
= s
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Unit-1l (Laplace Transforms-I|

Problem2: Find the Laplace transform of

(1) cost-3,t>5%

Solution: First we express the given function in-terms of unit step fu

f(t) =cos t-% H t- 3 and compare the given function with
f(t- t- a),wehave a =7 and f(t) = cost. We know that

B)H(1)} =% = ). By second shifting theorem we have

F( n ,

7 7
L cos t—g H l‘—g =e—asF(S)
a5 Ky se_?
BRREI =S =
n ,

13 T
= - H - =
L{f(t)} =L cos ¢ 3 t 3 2
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Unit-1l (Laplace Transforms-I|

Problem 3: Find the Laplace transform of

=t 27
cos t- 3 t> 7
Z’- /7
/) 0, 0<t<%.

Solution: First we express the given function in-terms of unit step fu
f(t) = cos t—2JT H t- 2?“ and compare the given function with
f(t- t- a) we have a = %' and f(t) = cost. We know that
Iz%H((t)} =25 = ) By second shifting theorem we have
F

w Iy
I

2
L cos t- H 1= 4 = o-as F(5)

o)
%)

=e_3

27 27
cos t- H t- =
KEZIA (ST.JOSEPHS COLLEGf‘gR \AzMEN KURNOOL 3 3 54/ 1ZS




Unit-1l (Laplace Transforms-I|

Problem 4: Find the Laplace transform of

N 37
cCos t- 7 t >
Z’- /7
/) 0, 0<t<%.

Solution: First we express the given function in-terms of unit step fu
f(t) = cos t—% H t- 37“ and compare the given function with
f(t- t- a),we havea = 3“ and f(¢) = cost. We know that
Iz%H((t)} =25 = ) By second shifting theorem we have
F

L cos t—i‘_ﬂ H t—%ﬂ = o-as F(5)
ams s
IR |
3n 3n

cos t- H t- =
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Unit-1l (Laplace Transforms-I|

Problem 5: Find the Laplace transform of
in -3, t>%
T g ren

Solution: First we express the given function in-terms of unit step fu
f(t) =cos t-% H t- 3 and compare the given function with
f(t- t- a),wehavea =7 and f(t) = sinz. We know that

B)H((1)} =§2% = s). By second shifting theorem we have

F( n
I e’
L cos t- 3 H t- = emas F(S)

3
s 1

n

L{f()} =L cos t—it H t-- =-=€

=

W
9o
4 N

+
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Problem 6: Find the Laplace
transform of (- 1)’H(¢- 1)

Solution: compare the given function with /(7 - a)H(¢ - a), we h
d) =38 . We know that L { /(¢)} =Sf4 = F(s). By second shiftin
we have

L {(t-1VH(- 1)) =
e “F(s)

L {(t- 1 H(t- 1)) =6,
5
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Unit-1l (Laplace Transforms-I|

Problem 7: Find the Laplace transform of

-2t -~ -
eSoISﬁLn: é—llvgll; funlcac)n e [(1 - H(t - 1)) can be expresse
ase? - ¢ H(t - 1). compare the second part of the function

with £ (t - a?H(t;g), we have ¢ = 1 and f(t) = e?. We
kndw@hdt =,,, = ). By second shifting theorem we have
F

Li{e?(1-H(t-1))}=L {e? - e?H(t- 1)}

=71 {2} —nL {e?H(t- 1)} linearit
_1 ’
T+ —L  pa-1+1) H(t -

1 1) )
- A (e=1)H(2-1
s42 el ey
1

1
— 2. x — _ Il shifting the
ece™ " c42 3
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Problem 8: Find the Laplace transform of
(1) (t- 17, >

0, 0<t<l.

Solution: First we express the given function in-terms of unit step fu
g(t) = (t- 1)*H(t - 1) and compare the given function with f(7 -
wg have a = 1 and f(z) =2 . Weknow that L {f¢)} =L {2} = &
By second shifting theorem we have

L {(e=1)°H(t- 1)) =
e “F(s)

L {g()) =L {(t- 1} H(r- 1)} 2,

sj
olution-t-of-the-aboeve.problem can be found in Unit-I T s/ s



Change of Scale Property

Theorem
Change of Scale Property: If L { f(t)} = F(s), then

1
L {f(at)} = 4F(s/a)

Proof.
From the definition we have
|
L {f(at)} e f(at)dt
= I

. e f(u)du/a putat = u,then dt = d
= lJ’ o l
T a0 Y fw)du = oF(s/a)
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Problem: L {1(¢)} 9s” - 123"3‘ 15 find L {f

Solution: .
Given thatL { f(¢)} 9s7- 125+ 15
= (s- 1)}

by change of scale property we have

= F(s)

1 19(s/3) - 12(s/3) +
L {f(31)} =15F(s/3) = (s/3- 1)
3 275>~ 4s+15
=9 (s-3)°
B 9(s? - 4s+
T 15) (s-

3)3 61/125
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Unit-1l (Laplace Transforms-I|

=1

Problem: L { /(¢)} =ie7,showL { -t f 31)}
( =

!

Solution:
ei
Given thatL { f(¢)} =—S’ = F(s)
by change of scale property we have
1 1 3 5 ei
L {f(31)} =3F(s/3) =3x gxes = 5 =

G(s)

applying first shifting theorem we obtain .
L {e" f(31)} = G(s+1) =574
+
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Unit-1l (Laplace Transforms-II

Problem: L S° =tan-1 ! findz sina

3

Solution:

sint 1
Given thatL ,  =tan = F(s)
s

by change of scale property we have

I sinat 1 1 E
= —F(s/a) = xtan
1 sinat 1 |, a
—L 7 =—tan" —
a s
Sinat a
L =tan' -

t s
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Laplace Transform of Derivatives-|

Theorem

L {f(2)} = F(s),
then

L {f (1)} =sF(s)- f

0
From the definition of the Laplace transform we have
’ J. o ’
LIf (1= e f(0)dt
0

Using the integration by parts we have
I [e ] f e
LIAO]= /(0% - e (=5)f()dt=0-1(0)+s o

Assuming that lim e f(t) =0

KEZIA(ST.JOSEPH‘;L&(&OM&iL}%Q: f(O) = SF(S) - f(O)
/(0)




Laplace Transform of Derivatives-ll

\

Theorem

ifL {f(2)} = F(s),

then
LU (D) = 2F(s)- 5/(0) - /(0)
FUON = 2p(s) - 2100 - 57/(0) - £(0)

LU o gp) - 97 (0) - 927 (0) = - f
(")(t)} (n_l)(O)
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q Unit-1l (Laplace Transforms-II

n," % _ N1, =4I
IfL 2 x —S—ﬁshowthatL VA —

Tt
q_
Solution: Let f(t) =2 £ then we have f(0) = 0 and

Now find

L {f (1)} =sF(s)- f
L(O)L
wfm =sx 5 5-0
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Unit-1l (Laplace Transforms-I|

The Initial Value Theorem

Theorem
IfFL {f(¢)} = F(s), and if (¢) and its derivatives exist as t —
0
Sllrg(sF(s)) = tlifglf(t) = f(0)
lim(s2 s)-sf = lim /(1) =
L (0) 1)
Proof.

Since Laplace integral is converges with respect to the parameter s.
is permissible to take the limit s — oo under the sign of integration so that

J
limF(s) =  lim g f(t)dt =
0 s

§T 0
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Unit-1l (Laplace Transforms-II

Next, we use the same argument to obtain

|
limZ (f()) = fim e f(0)dr=0

Then it follows from result (19) that

gmL {f (1)} = lim[sF(s) - £(0)] =

ST NS

and hence, we obtain

limLsF(s)] = £(0) = lim /(1)
t—0
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Problem: Find /(0) and f(0) when F(s) =z — and
F(s) =% . +25)

Bolution:

s . 1 Al
e (2 425) B (2 +25)

f (0) = lim[sF(s)] =

s
f](f()) = Jml3 F(s) - s O =e (2~ 20425)
=lm__— =9
§—00 S2 - 2S + 25
and

252 _

flg(l)) = lim[sF(s)] = ey
(0) - hm[SzF(S) _ss} )] Ts—oo %/nszs

KEZIA (ST.. J056H5 COLLEGE F0§ WO%%N KURNOOL
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The Final Value Theorem

Theorem

L {f(2)} = F(s),

then I
Im(FE)) = S0

lim(sF(s)) = limf
“ h
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Unit-1l (Laplace Transforms-I|

Proof

Proof.
We use the same argument as employed in previous theorem and

|« J «
Um(F(s)) = lm -« f()dt =  f()dt
s—0 0 s—0 0

As before, we can use result (19) to obtain

I«
lim[sF(s) - £(0)] = lim o« f({)dt
s—0 0o s—0

limZ {f(1)}

Iy
= [ (0dr = f(w)- £(0) = lim(f(r) = f
(0)) °

Thus, it follows immediately that

lim)[sF(s)] = lim f(¢) = f

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNGOE 1=
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Unit-Il Lag\f Transforms-II
[c°] 3

Problems: Show that 0~ > sinzds = -
0

50 °
Solution: We know that L { sint} = 1J:s2' In integral from
o » 1
L {sint} = , e sintdt= |+g¢p
1
Io © e sint dt _
1+
differentiate with respect to s both sides we get
dd = . d 1 J st 2
; e-st sintdt - ¢ smt(_t )dt = ) Iy
§ 0 T ds1+s” 0 (1+57)

0 1+s
2x3 _6 3

f o, -3t .: = = =
te sint dt (1 +32)2 100 50

KEZIA (ST.JOSEQ{‘S COLLEGE FOR WOMEN KURNOOL

_ . S
I o gemst sing dt =(ﬂ)-z taking limit s — 3 we get
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Unit-1l (Laplace Transforms-I|

Question

tsint} = I o lsinte S’dt .
since, L <5 Now
{ 0 (1 +5%)?

J ®ssinte3ldt = 2 as taking s — 3
o tsinte 50
Iomtsint e dt = ;5 as taking s — 2

_8
Iowtsint e Mdt _ as taking s — 4

2
1) ©ssintedt . astaking s'— -2
: "2
I oiginredds .~ astaking s'— -3
0 = 50

The last two integrals are incorrect because, -2, -3 are not in the
onvergence of L {sint}.
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Unit-1l (Laplace Transforms-I|

Problems

Find the Laplace Transform of the following functions

Q@ .
Le
Q o sinh bt

Qo sinh 37 cos®t
* | 2

COSZt

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL

@ ¢ (2cos5t - 3sin5t)
Q e* sin2¢ cost

Q t cosh 3t
| «

G -2t

Show that , te  costdt
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Unit-lll(Laplace Transforms-IIl

Topi
Cs

%Laplace Transform of Integrals

9
@@Division by ¢

Multiplication by 7"

d@DLaplace transform of Bessel Function Laplace

©@Transform of Error Function

@Q)Laplace Transform of Sine and cosine integrals
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The Laplace Transform of an Integral

\

Theorem

L {f(2)} = F(s),
then s

L Ot f(Ddt =

F(s)
e

Proof.

Let g(t) =", f(t)dr then g(0) =
0.
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Derivatives of the Laplace Transform

\

Theorem

IFL {f(t)} = F(s),
then
L)) = yERs)
(-1

where, n € NU
{0}.
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Integral of the Laplace Transform

\

Theorem

L {f(2)} = F(s),
then

Provided the integral is converges(exists).
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Unit-lll(Laplace Transforms-Ill

Bessel’s function

The linear second order ordinary differential equation of type

Xy +xy + (P -n)y=0n=0,1,2-

is called the Bessel equation. One of the solution of Bessel's equatio

function
© (_ 1 ){ n+2k

Ju(x) =k§wg'nﬁ, lx| < oo

is called the Bessel’'s function order 7.’ Bessel’s function of order 0 is

Jo(x) i(_”‘ 2k|X|<oo
~ & /R
2 _x X6
1

T2t eT et
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Unit-lll(Laplace Transforms-IIl

Bessel’s function of order o

Example

Find the Laplace transform of Bessel’s function of order O.

Using the series representation of Jy(#).(27) we obtain

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Bessel’s function of order o

Find the Laplace transform of Bessel’s function of order O.

Using the series representation of Jy(#).(27) we obtain
2?2 t Al
TRt et

L) = L |

AR

t
L{1}-L — +L
22 22.42

KEZIA (ST.JOSEPH'S COLLEGE FOR WOMEN KURNOOL
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Bessel’s function of order o

Find the Laplace transform of Bessel’s function of order O.

Using the series representation of Jy(#).(27) we obtain

2 4 6
T2 T2 427 2 2.2
t
= L{)-L — +1r -t o
22 2 42
12 41 Zort

s~ 2283 T 024257 2 g2 27 F

L) = L |
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Bessel’s function of order o

Example
Find the Laplace transform of Bessel’s function of order O.

Using the series representation of Jy(#).(27) we obtain

2
LUy = ¢ [ & B 0
22722427 22.42,62
t2
= L{l})-1L — +1 - |
22 2 42
2! 41 Zort
et st 2 gt
1 1 1 1.3 1 7 135
s 1-2

2 Yo4 2 Toas

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-lll(Laplace Transforms-Ill

Bessel’s function of order o

Example
Find the Laplace transform of Bessel’s function of order O.

Using the series representation of Jy(#).(27) we obtain

2
LUy = ¢ [ & B 0
22722427 22.42,62
t2
= L{(1}-L — +1L - |
22 2242

4! 6!
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Unit-lll(Laplace Transforms-IIl

1
L {Jo(2)} = T
1+s12
L {e“Jo(1)} F First shifting theore
= S =
a)
L {Jo(at)} = PN Change of scale
a’ +s°
L {tJo(2)} Multiplication by ¢

(1+52)72

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-lll(Laplace Transforms-IIl

1
L {Jo(1)} = T
1+s
at 1 . g
L {e“Jo(1)} T - First shifting theore
= s
a)
L {Jo(at)} = PN Change of scale
a’ +s°
LA =y

e

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Error function

The error function, erf(x) is defined
by I
X

42

erf(x)= "5t o e dt

In terms of power series, we have

I o (1
%7[ xz( ! 2 dt
0=

erf(x) = s 5 n!
Which is same as ( )
© n
" __
e (x) z (20 + — A x2n+l

n 0 1)
By (28) it is easy to see that

erf(0) =0 & erf(x) =

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-lll(Laplace Transforms-IIl

Complementary error function

The complementary error function is defined by

f oo )

effc(x) = "5t . e dt

X

By equations (28) and (29) it is easy to see that

erfc(x) = 1
-erf(x)
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Unit-lll(Laplace Transforms-IIl

Laplace transform of Error function

Find the L {erf( t_)}

Since [
t
erf(1) 725 e dx
0
= v
V. e
erf( 1) =VZ,; 0, ¢ e

1T e e o
= ‘mwo l-1t+2-3t+d

v
t
VZ_ x3 x5 x7
T 3 ks T a7 T 0 g
VZ T /2
T /2 - - - + .8
3 5x 21 Tx 3!

84 /125
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Unit-lll(Laplace Transforms-IIl

cont ---

now, taking the Laplace transform

V.
Len' 1)y ¥, 2 B2 B~ a2

Lt

vy A il

vy 3% 2 ik sk 2T
wlgﬁ Ve Ym

"253/2 455/ - 8572
1 1 1.3 12 135

S % b R

- o
2 s toua s T 246
17 1
V- R
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Unit-lll(Laplace Transforms-IIl

cont ---

now, taking the Laplace transform

V.
Len' 1)y ¥, 2 B2 B~ a2

Lt

vy A il

vy 3% 2 ik sk 2T
wlgﬁ Ve Ym

w2$3/2 4552 + 8s7/2
11 L3 1 2 1.3

()]
—_
w

S % b R

1_
2 5 Tog g
_ IR
772 I =g =
=1+s
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Unit-lll(Laplace Transforms-IIl

Sine and cosine integrals

Definition

Sine and Cosine integral functions are defined by respectively

I sint
Si(x) dt and
= J'O t
oSt
Ci(x) = 1
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Unit-lll(Laplace Transforms-IIl

Laplace Transform of Sine Integral: Solution 1

. 1
Since, L {sint} = L+ then equation (25) we have
S

L Llll‘ f ® 1 -1 s)loo
t =, l1+sds=tan (/b
bl
= E—tan'l(s) = tan™!

and by the equation (23) we obtain

* sint 1 sint
o ¢ dt = ¢xL{ ¢}
1 1 .
= tan~ which is same as
Ky Ky

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOO] 87 /125




f !sinu , . .
Let f(t) = o u du. Then £(0) =0and £ (t) = ™ ortf )
the Laplace transform we get Taki

L {tf ()} = L {sint}

d 1
- ds{sF(s) - f(0)} 1+
= -1
sF(s
dy {= ()} 1+
Integrating we obtain sF(s) = —tan™ ) + c. By the initial value theore

gi;msF(s) = f(0),thenc = .Hence ) =%-tan"1(s)=tan1 !

SF(s 1 1

Therefore, F(s) = tan”' ~ . Which is same as
s s

LiSi(x) = tan”'

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOO]
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Let /(¢) =

J »

® cosu

_du Then f(w) = 0and /(1) % orsf

Taking the Laplace transform we get

d

L {tf (1))

- as{sF(s) - f(0)}

Integrating we obtain sF(s) =

heoréifs) = hmf(t) =0, then ¢ = 0. Hence sF(s) 5 ! log(1 +s?).
ﬂ‘tﬂarefore

= s_l log(1 + s?). Which is same

d

ds(sF(s)}

1log(1+s

= L {-cost}

%) + c. By the final-value

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOQL-
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Unit-1V (Laplace Transforms,

Topi
Cs

Definition of Inverse Laplace Transform
Linearity Property

First Shifting Theorem

Second Shifting Theorem

Change of Scale property

Q partial fractions

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 90/ 125




Unit-1V (Laplace Transforms,

Definition:
If the Laplace transform of a function f(¢) is F(s),i.e. L {/(2)}

then
f(¢) is called an inverse Laplace transform of F(s) and we write

L HF(s)} = (o).

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL

91/125



Unit-1V (Laplace Transforms,

Definition:
If the Laplace transform of a function f(¢) is F(s), i.e. L {f(2)}
then

L (1) (ip caled=ary{pyersdrplace transform of F(s) and we write

Since, L {1} = ~, we can write L s =,
s s

-1 1
L {e"} = s>4 wecanwrite L | — = =¢",
S= s-4

4/
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1
L{l}=g
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Unit-1V (Laplace Transforms,

1 1
L{l}="=L1L"" - =
S S
_n!
L [tn} _sn+1

Table of Inverse Laplace Transforms

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL
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Unit-1V (Laplace Transforms,

1 1
L{l}="=L1L"" - =
S S
L{t" = AR T .
sn+1 Sn+1 -
1
L (&) =
S—a

Table of Inverse Laplace Transforms
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1 1
L{l}y="=L"" - =

S S
L[t”}—i! R
_sn+1 Sn+1 -
Liey=—" »p 10— =

S—a S—a

S
L feos(bn)} = 2 412
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1 1
L{l}="=L1"" ~

S S
n! n!
n — — -1 =
L= sntl ot s+l
L{ef”}=—l R
S—a S—a
L b n L ! .
=
L feos(b)} 2, 2 242
b

L {Sil’l(bl‘)} = o2 +m
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1
L{l}="=pL1"!

s
ol Lol
L {eat} - —l =T -1 —l
s-a s-a
L b . L! .
=
{COS(_ DI 242
: b 1 b
I;{sm(bt)} 52+ b2 =L s2+ b2
K

L {cosh(b1)} = 52— p2
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1
L{l}="=pL1"!

s
_n! o n!
L [tn} = sn+1 sn+1
L {e™) Y A
s-a s-a
L b > L! >
=
{COS(_t)} e 242
. b -1 b
L {sin (=bt)} 24 =L 245
s -1 S
L_ {cosh(b1)} I i L 2

b
L {sinh(b1)} = 52— 2
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Unit-1V (Laplace Transforms,

Table of Inverse Laplace Transforms

1 1
L{l}="=L"" =

s s
_n! I
L") = gn+l gnt+l
L {e™ = — =L -
s-a s-a
L b N A
=
{COS(_t)} e 242
b b
L {sin (bt B
{sm(= )] s2+b2:L s2+ b
S -1 s
L {cosh( b=t)} 2 =L 2
. b -1 b
L {sinh(bt)} 2_p=L 2P
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Unit-1V (Laplace Transforms,

Linearity property

Let F1(s) and F,(s) be the Laplace transform of f1(z) and f>(¢)
respectively and ¢, ¢; € R, then

L "YeiFi(s) + coFa(s)) = 1L "H{F1(s)} + ol "H{F(
c1 fi(f) + e2 (1)
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First shifting theorem

IFL ~Y{F(s)} = f(¢), then

L~ '{F(s-a)}=e"f(2)
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Second shlftmg theorem

Theorem

IfL Y{F(s)} = f(2),
then
L —l{e—aSF(S)}

f(t-a), t>
0,

t<a.
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Change of scale property

Theorem

IFL Y{F(s)} = f(2),
then | ;
L "'{F(as)} =;f ; .
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Unit-1V (Laplace Transforms,

Partial Fractions

Partial Fraction Decompositions. We will be concerned with the q
polynomials, namely a rational function

F(S) F
P(s) O(s)
where the degree of O(s) is greater than the degree of P(s), and P(

O(s) have no common factors. Then F(s) can be expressed as a finit
of partial fractions.

w For each linear factor of the form as + b of Q(s), there corresponds
partial fraction of the form

A
A is a constant

as+ b
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Unit-1V (Laplace Transforms,

Cont ...

@ For each repeated linear factor of the form (as + b)", there
a partial fraction of the form
A A A
—<1 —2—2 + .. 4 2 -
as+b (as+Db) (as+b)

Ay, Ay, -+ A, cons
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Unit-1V (Laplace Transforms,

Cont ...

@ For each repeated linear factor of the form (as + b)", there
a partial fraction of the form
_Ay + _ 4 R

as+b (as+0b)? (as + b)"”

@ For every quadratic factor of the form as® + bs + ¢, there correspo
partial fraction of the form

As+B
——— A, B constants

as* +bs+ ¢
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Unit-1V (Laplace Transforms,

Cont ...

w For every repeated quadratic factor of the form (as2 +bs+c
there corresponds a partial fraction of the form

_Ais+ B A>s+ B> N Ans + Bn

_
as>+bs+c (as® +bs+c)? (as> + bs+c)"
Ay, A, -+ A4,,B1, By, ... B, constants

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 99 /125



Unit-1V (Laplace Transforms,

Definition and Examples

PR 4s+1
Find: L -1 m
Sol: Here the denominator does not factor over the reals. Hence
square.

s*+10s+34 = 2+ 105 +25-25+34=(s+5)" +

4s+1 _ 1 o
Lt O %t0s+34 Lty T
— ll_j.g_l 4‘S+51—
1% +5)2+
_ o 9 (s+5) Lof -1
(s+5)+

9 19
— St == -1 —_— S
= 4e™ cos(31) 3 L (s+5)+

19 .
KEZIA 5T.JOSEPHS CoLLEGE FoRWomEN KURnool = 4 e >t CcoS ( 3t ) 3 =5t S 3t )125



Unit-V (Laplace Transforms:

Topi
Cs

%Inverse Laplace transforms of Derivatives Laplace

Transforms of Integrals

@by Powers of P- Division by powers of P Convolution

oTheorem
I%Heaviside’s Expansion theorem
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Inverse Laplace Transform of derivatives

ifL ~Y{F(s)} = f(2),
then e

LVEOy =L gFs) =(-1) i
)

~ 3
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Inverse Laplace Transform of Integrals

IfL ~"{F(s)} = f(¢), then

! Fu)du =
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Unit-V (Laplace Transforms:

Inverse Laplace Transform of derivatives
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Unit-V (Laplace Transforms:

Inverse Laplace Transform of derivatives
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Examples

Show that L _; FE(s)

Solution:

Let g(t) = f(T dt. Theng (t) = f ) andd ) = 0. By Laplace

of derivatives ) t 0 transform

L{g ()} = sL{g(1)}- g(0)
L{f(6)} = sL{g(1)}

F(s) = sL {g(1)}

F(s)

P L {g(t)} whichis same

I
L! Egi) = Of('t)d'[
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Examples

A T

Show that L ~! = f 1
0 0
Solution: 52 (t)dudt_.

Let g(2) Ot Otl f(t)dtdn . Then g( i) = Otf('t)d’[ andg () =

- , Si
g(0) = g(0) = 0. By Laplace transform of nee

derivatives
L {g'(1)} s* {g(1)) - sg(0) - g(0)
L {f(2)} s?L {g(1)}, since g (1) = f(1)
F(s) = 2L (g(1))

F(s)
— = L {g(t)} sameas

1 E(j JJn

- f(t)dtdy

L

S2
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Unit-V (Laplace Transforms:

Convolution:
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Applications

Application 1: Calculating Integrals

Show that Io ®te™3 sintdt _ .
‘ 1 50
Since, L {sint} = 14+ and
. d, . 1
L {tsint} = - %L {sint} = - i 133 =
equivalently,
I =tsintear = #22
0 (1+57)
Now taking the limitas s — 3
I etsinear _2x3 3
T — (143727 .

50




Applications

Application 1: Calculating Integrals

tsint} = I w t sint e 'dt 26

since, L =
! { 0 (1+5%)?

3
9 Iowtsint et _

J of iy -t
tsinte”'dt fors 1
Q =

1
=2

0
o fowtsintdt _ 0? fors _ 0

Q  wiginredar - =37 s=-3
0 50
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Applications

Application 2: Solving Differential Equations

Solve the initial value problem ¥~ + 4y = cos(2t), »(0) = 1,5(0

1. Solution.

Taking the Laplace of both sides to obtain L {y”] +4L {y} =L {
the last equation reduces to

s
ss+4

Y (s) - s1(0) S (0) +4Y(s)

Solving this equation for Y (s) we
find s+ 1 + s _s + 1 + s
P44 (P +4) 2+4 P44 (P +4)?

taking Laplace inverse we get

Y(s)

-1 -1 S N
n = +L +L
J]i() s*+4 s +4 (s +

_ sin(27) ¢
KEZIA (ST.JOSEPHS COLLEGE FO»SN(O)MSEN(MRQOL 2 =+ Z Sin(zt ) 11/ 125
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Applications

Application 3: Solving Partial Differential
Equations
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Applications

Application 4: Integral Equations
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Applications

Application 5: Circuite Problems
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Applications

Application: Calculating Integrals

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 1157125




Convergence of Integrals

Convergence of Integrals

Integrals with Infinite limits of integration are called improper integ
Type-l
If /(x) is continuous on [a, ),

I« I
f(x)dx = lim  f(x)dx

b= 4
If the limit is finite we ay that the improper integral converges and that t
is the value of the improper integral. If the limit fails to exists, the imprope
integral diverges.
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Convergence of Integrals

Example-|

J

i ?
Is the integral o 1+ xzdx converges”

J. © 1 f b 1
dx = i dx
0 1+x2 * b]—-l:g 0 1+x2

. b
= lim tan'l(x)o

b—x

= 1 -1 - 1 =E— =
= l}lrg tan” (b) -tan~ ) 5 0

So, limit value is finite, hence the above integral is converges.

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 17 /125




Convergence of Integrals

Example-ll
Is the integral "~ dx converges?
1 XP
..r © 1 f b1
“dx = lim " dx
1 b= | P
1 b
= lim
1
= lim —— 1 _ 7
b= (1 - p)bP—l l-p 0,

So, limit value is finite, hence the above integral is converges.

_ converges , if p>1;
1 X o diverges , if p< 1.
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Convergence of Integrals

Direct
Comparison Test:

Theorem

Let f and g are continuous function on [a,) with 0 < f(x) < g(x)

&k a_ Then
I« I«
Q f(x )x converges if  g(x)dx converges.
I 5

(2 | g(x)dx diverges if  f(x)dx converges.
0 0
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Convergence of Integrals

Order 0 and 1

% When n = 0 in (4), Bessel’s function of order 0 is given by

J X2 x4 X0
o(x) =1- 22 +9240 —~ 224062 + -

% When n = 1 in (4), Bessel's function of order 1 is given by

X3

5
Ji(x) =2- 233+ 22406~
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Limit
Comparison
Test:

Theorem

If the positive functions f and g are continuous on [a, ), and if

)limgx =[, 0<L<wx

then I

0°° e and (s

both converge or both diverge.
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Integral Formulaes

todx 1 xta
" csc?xdx = -cotx+c¢ Py =5, IR+

-X
secxtanxdx = secx+ ¢

. a
Inxdx = xlnx- x+c¢

* cscxcotxdx = -cscx+c e®sinbxdx =
" tanxdx = In|secx| + ¢ > [asinbx - beos
c

o D kdx =kx+c 9 - cotxdx = In|sin

Q@ ldx=lInx+c @ - sinhxdx = coshx
Q 'Xndx=)%+cl(ff -1) Q - coshxdx = sinhx +
Q@ cdx=c+c = Q L =sin ']
Q@ Jdx=+c G'%=cosh‘1§+
o " cosxdx = sinx +c¢ Qo d;a B .
@ sinxdx = -cosx+c 22 = tanTld +
Q@ sec’xdx = tanx+c o 2% =sinh™ ' § +
Q Q

Q 9

o Q

Q
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Integral Formulaes

KEZIA (ST.JOSEPHS COLLEGE FOR WOMEN KURNOOL 124 /125




Integral Formulaes

Thank You !
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